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Abstract

The objective is to develop a numerical simulation framework for modeling subsurface
CO, sequestration operations. We have made significant progress on several
interrelated areas of investigation.

The vertical migration of C®plumes, which are immiscible with the surrounding
brine, was investigated using high-resolution simulation. The flux function for
buoyancy driven immiscible flow plays an important role in the resulting behavior.
Plume stretching, wave interactions, overall migration distances and speeds are
discussed. This analysis is a prerequisite for the ongoing study of immiscile CO
plume migration with capillary hysteresis.

The behavior of C@gravity currents in sloping aquifers in the presence of residual
trapping was investigated. Even though a simple mathematical model that accounts for
residual trapping in the wake of the gravity current was used, the analysis sheds light
on the long term fate of gravity currents of practical interest. Dependence of the
maximum migration distance on initial plume size, aquifer slope, and viscosity ratio is
described. This study indicates that regional (gently dipping) aquifers of large extent
can be viable storage sites, and that the effectiveness of residual trapping increases
dramatically with slope.

Consistent with our objectives to develop a flexible and efficient numerical
computational framework, we are investigating the development of high-order AIM
(Adaptive Implicit Method) discretizations, in both space and time. High-order
approximations were developed using the MOL (Method of Lines) framework as a
base. These constructions are high-order (at least second order) in space and time,
locally conservative, and unconditionally stable; however, these desirable properties
come with a severe positivity restriction in the implicit regions, which limits the time
step size. Investigation of artificial-viscosity schemes to remedy these restrictions is
ongoing.

The multiscale finite-volume method was extended for compressible multiphase flow



in strongly heterogeneous domains. The accuracy of the formulation is demonstrated
for problems with high compressibility levels and strong permeability heterogeneity.
This algebraic Operator Based Multiscale Method (OBMM) provides a flexible
framework for solving coupled problems of multiphase flow and transport and is
applicable to models with unstructured grid. Moreover, OBMM can be used to add
multiscale capabilities to standard flow simulators in a straight forward manner.

Development of a stochastic approach for modeling multiscale multi-physics problems
is ongoing. The framework is demonstrated for non-equilibrium capillary- pressure
formulations. The description leads to a high dimensional transport equation, where
one of the dimensions is the saturation random variable. This equation is then solved
using standard finite volumes. The flexibility of the framework in linking complex

flow behaviors across scales is demonstrated using simple one-dimensional immiscible
two-phase flow.

Finally, we describe our proposed flexible formulation for incorporating chemical
reactions in our general-purpose simulation framework. The extension will be
performed such that we take full advantage of the existing capabilities in GPRS,
including, general-compositional, adaptive implicit, unstructured grid, advanced wells,
and adjoint enabled. The objective is to be able to model the reactions associated with
CO, sequestration processes and their interactions with complex multi-component
multiphase flow and transport for problems of practical interest.

Introduction

The overall objective of this project is to develop a numerical simulation
framework for modeling C@sequestration operations in large-scale heterogeneous
formations, such as deep saline aquifers and depleted oil and gas reservoirs. This
framework is constructed based on in-depth understanding of the physics in the
parameter space of interest for geologic sequestration ¢f &@urate and
computationally efficient numerical algorithms for modeling flow and transport
processes in large-scale porous formations, and a flexible extensible computational
framework for the design and optimization of €@rojects during both the injection
and long term storage periods.

During the past year, we worked on several interrelated items: (1) detailed
understanding of the physics associated with plume migration and gravity currents, (2)
high-order AIM (adaptive implicit method) formulations, (3) multiscale finite-volume
formulation for compressible multiphase flow, and (4) development of a general
framework for modeling reactions in porous media flows. In this annual progress
report, we summarize the most recent developments, which are divided into six
sub-projects. These are: (1) vertical migration of;Giumes in porous media, (2)
propagation of C@plumes in sloping aquifers with residual trapping, (3) construction
of high-order adaptive implicit methods, (4) algebraic multiscale formulation for
compressible multiphase flow, (5) stochastic framework for non-equilibrium models of
multiphase flow in porous media, and (6) modeling;G@neralization reactions in a
general-purpose flow simulator.



These projects deal with different aspects of the numerical framework we are
building. The first two projects are aimed at improved understanding of the physical
mechanisms that dictate the behavior of (Glumes in porous media. The third and
fourth projects are concerned with the development of accurate and computationally
efficient numerical methods for modeling the complex behaviors associated with
subsurface CQsequestration. The fifth project relates to ongoing development of a
stochastic framework for modeling multiphase flow across multiple scales, accounting
for possibly having different equations that describe the physics at the different scales.
A flexible and computationally efficient framework for modeling reactions associated
with CO, sequestration processes in natural porous media is the subject of the sixth
project.

In the first project, the evolution and vertical migration of ajflume that is
immiscible with the resident brine is studied using very accurate numerical simulations
of two-phase flow. The relative permeability effects and the differences in density and
viscosity between the C{and the brine can lead to highly complex nonlinear
interactions. In this progress report, we focus on the flux function and the behavior of
the various saturation fronts in the mean flow. Issues related to spreading, wave
interactions, migration distances and speeds are discussed. This analysis serves as a
prerequisite to the ongoing analysis of hysteresis effects and capillary trapping,on CO
plumes in the post-injection period.

In the second project, the long term fate of afGfPavity current that is initially
ponded against the boundary of a deep and slightly sloping aquifer is investigated. A
simple model is used to represent residual trapping in the wake of the gravity current.
The migration distance of the gravity current, and its dependence on the plume size
and aquifer slope are discussed.

The third project is on the construction of high-order approximations for the
adaptive implicit method (AIM). Accurate simulation of the physics governing
subsurface COsequestration requires solving coupled nonlinear conservation
equations in highly heterogeneous domains. For such models, AIM allocates the
computational resources when and where necessary. However, standard AIM is
first-order in both space and time. Such a low-order treatment may be inadequate for
accurate modeling of buoyancy driven transport in the post-injection period. As a
result, we have been investigating high-order AIM schemes in both space and time.
Our analysis has progressed quite significantly, and we summarize the effort in this
report. However, several challenges remain, and we outline our plans for tackling
them.

In the fourth project, we describe the extension of the multiscale finite-volume
method for compressible multiphase flow in highly heterogenous formations. This
operator based multiscale method (OBMM) is a promising platform for including
additional flow mechanisms (e.qg., capillarity, buoyancy) as well as for solving
problems on unstructured grids. We also report on the recent effort to develop an
adaptive multiscale formulation for the nonlinear transport problem (saturation
equations).



In collaboration with researchers at ETH, Zurich, we are further developing the
stochastic framework for modeling multiphase flow and transport across scales. In this
report, we describe the flexibility of this framework in dealing with non-equilibrium
models of the capillary pressure for immiscible two-phase flow.

Finally, in the sixth project we describe our recent effort to extend our numerical
simulation framework for coupled flow and transport processes to account for the
chemical reactions that may be associated with subsurfages€@gfestration
processes.

Next, we provide a description of the recent developments over the past year. For
each of the six sub-projects, we place the activity in the larger context of the numerical
framework we are building in this GCEP project, and we report our findings and their
significance. Moreover, for each project, we present our conclusions, remarks,
ongoing activities, and proposed future plans.
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Introduction

The behavior of two-phase flow in porous media under conditions of unstable
density stratification is an important and challenging problem applicable to many
practical settings of interest. Particularly, in the area of carbon dioxide storage in
depleted reservoirs and saline aquifers, the dynamics of two-phase immiscible flows
that are gravitationally unstable play a central role. The important issue in this regard
is the understanding and prediction of the fate of,@@er a time period of geological
scale[1]. The success of GBequestration operations in subsurface geological
formations are linked with the ability of the storage site to sequesteri@finitely.

The main mechanisms of sequestration are, microscopic residual trapping, dissolution
of CO, into brine, and chemical fixing of carbon in the rock[2]. Various time scales as
well as the nature of the storage site determine the relative importance of these
mechanisms.

The sequestration process can be broadly classified into three phases[3]. Namely,
the injection phase where super-critical O©injected into the storage site[4]. This is
followed by the post injection period where ¢@ses as a buoyant plume. Residual
trapping and dissolution will be of importance in this stage. The final stage is thought
to be governed by dissolution driven gravitationally unstable flows[5] as well as
chemical reactions of CQwith the porous rock.

Figure 1 shows a sketch of a GPlume. The nonwetting gas phase is immersed in
brine, which is the wetting phase. A buoyancy force per unit voldtaeesults in
upward motion with velocity proportional @z, inducing a downward flow of brine
around the plume. During the evolution of the £@ume in the post injection period,
the processes of residual trapping and dissolution are expected to play the primary
role. While in general, one can expect the gflume, which is immiscible with the
surrounding brine, to rise due to buoyancy, the particular mechanisms of transport are
the subject of active research [6, 7, 8].

The main issues that need to be addressed are: (1) How far can the plume rise, (2)
what is the velocity of rise and (3) how far does the plume spread during its ascent?
The last issue is important from the point of view of dissolution, which occurs
immediately when the gas comes into contact with unsaturated brine. However, since
the amount of C@that can be dissolved in brine is small, a continuous supply of fresh
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Figure 1. Sketch of the C@plume. The nonwetting gas phase is represented by
subscriptn and the surrounding brine is the wetting phase denoted by subgcript
buoyancy force per unit volumeg induces an upward motion with velocity
proportional toUp.

brine around the buoyant plume can increase dissolution significantly. In this
investigation, we analyze the dynamics of the;G@ume during the period

immediately following the injection phase. We use the Darcy relative permeability
model to analyze the dynamics governing the natural convection of the buoyant plume
and provide some preliminary estimates of how far and how fast will the plume rise,
based on this model. In order to focus on the primary characteristics of transport
governed by the Darcy model, we carry out the analysis for homogeneous rocks,
without residual trapping and dissolution. Hence, the first order behavior of the system
will be considered as a primary guide to subsequently develop a better understanding
of more complex processes.

Governing equations and scaling

The immiscible two-phase flow process is modeled by Darcy’s equations for each
phase, which can expressed in dimensional form as

Kk . .
u, = — (VP +pgz) (1)

kkpr . R
u, = - (VP +pgz) (2)

n

where the subscripts andn refer to the wetting and the nonwetting phase,
respectively and is a unit vector in the-direction. The total velocity and capillary
pressure are defined as

*

up = U, +u, 3)
P = Pr—P;. (4)
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Equations 1 and 2, along with Egs. 3 and 4, can be used to construct an expression for
the nonwetting phase velocity
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Similarly, the equation for the total velocity is

kr, (dE; 5
+ kM_w (dSwVSn Apgz) (6)

where the density differenc&p = (p,, — p»). Pressure is redefined to be

Vp; =VP +pngz. @)

In order to make the above equations dimensionless we use the plume diadhaster
the length scale, as shown in Fig. 1 and the buoyancy velbgjtgs the velocity scale,

Up=kApg/ i - (8)

Equations 5 and 6 in dimensionless form are
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where
Mkrn
fn = 3 (11)
A= Mkrn + krw (12)
(1)
Moo Hwko (13)




The end point values of relative permeabili&% andk!y, are used to scale
relative permeability functions and appear in the definition of the mobility ratio
The relevant scalings for the nonwetting phase pressure and the capillary pressure are,

_ D
;= pimlED, (14)

Pc* = Pc’}/nw\/%> (15)

wherev,,, is the interfacial tensiony is the porosity and the permeability. The
capillary number(a, is defined as
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This capillary number can be interpreted as the macroscopic capillary nu@tbean
also be stated in terms of the microscopic capillary numbey,,

D

Ca=Ca,, — .
Vo

(17)

Equations governing the transport of the nonwetting phase and the incompressibility
condition are,

oS,
ot

+V-u, = 0, (18)
V-ur = 0, (19)

wheret is scaled with/z/D. The boundary conditions are

ur =0 ; x==+00
S,=0 ; x=400 (20)
VP,=0 ; x=+00,

which assume infinite vertical extent. The above equations are characterized by two
main nondimensional parameters, which are the timend capillary number,'a.
These parameters can be expressed as
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Note that the capillary number is independent of viscosity and can also be expressed in

terms of the Bond number as,
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whered is some characteristic pore lengthO (10-5)m. Hence the capillary number
in this problem can be interpreted as representing the influence of the ratio of gravity
to capillary effects relative to the ratio of the microscopic to macroscopic lengths.

Some particular values of density, viscosity and permeability relevant to the CO

sequestration problem are

o O x> o

= 10°kg/m?

= 1x10*Pa-s
= 0.03 x 107 Pa-s
= 40 x 107*N/m
= 0.3

— 10—14m2

= 10°m

= 107°m.

Based on these valuds; ~ 10~ m/s, and the dimensionless numbers are estimated

to be,

Bo ~ 1073 (25)
Ca, ~ 107° (26)
Ca ~ 10%. (27)

The values of these dimensionless numbers may indicate a regime of pore scale
instability[9], such that current macroscopic models may not be applicable. However,
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Figure 2: Flux function for zero injection velocity for different values of the mobility
ratio. The flux function decays to zero at the maximum and minimum values of
saturation. The vanishing gradient at intermediate saturations implies that the
saturations move in opposite directions, starting from the stagnation point.

this issue is unresolved and requires extensive investigation. For now, we will use the
standard two-phase Egs. 5 and 6 in order to obtain preliminary estimates regarding the
plume evolution.

One-dimensional solution

Before we solve the full 2-D problem, it is useful to look at the 1-D solutions of
Eq. 18 to determine the influence of the viscosity ratio and capillary number for some
simple cases. Physically, the one-dimensional problem can be constructed as a layer of
a lighter nonwetting fluid, unbounded in the lateral extent, which is surrounded by the
heavier wetting fluid. The wetting phase is not connected, hence the plume will not
rise as a whole. This allows the analysis of the frontal displacements, only as a
function of relative permeability and the viscosity ratio. We will designate the top
portion of this layer, where the heavier wetting fluid (Brine) is above the lighter
nonwetting fluid (CQ), as the front end. The lower part of the layer, where the heavier
fluid is below the lighter fluid, will be referred to as the back end. We assume the
relative permeability and capillary functions to be

Sn - Snr ?
2
krw = (1 - SnA_—S*'S’TW) ) (29)
dpP, 1
dS,  kemkew (30)

whereAS =1 -5, — S, ands,,,. ands,,, are the residual saturations for the
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Figure 3: Saturation profiles for a 1-D plume féfa = 400. (a)t = 1, and (b) late

times. The initial profile with a unit height is indicated by circular symboils in plot (a).
The bottom of the plume is stationary while portions of the top end move upwards and
downwards according to Eq. 31.

nonwetting and the wetting fluids, respectively. Thdirection component of Eq. 18
with u = 0 can be expressed as

2s, 0 (M 1 8Sn>: (31)

Bt T \ 3 Bk 5 s

Equation 31 is a weakly parabolic equation for laége Similar to the purely

hyperbolic cas€’'a — oo, the solution develops along characteristics based on the flux
function f,,., = k. krn/A. The flux function is plotted as a function of the nonwetting
saturation in Fig. 2 for various values of the mobility ratio. The plotted curves show
that thef,,,, curve goes through a maximum indicating a zero wave speed at that
saturation. This leads to the development of two shocks with opposite speeds at the
front end. The upward moving shock spans saturatiofssS,, < s,,, while the
downward moving shock develops fay; < S,, < s.;, wheres,, ands,, are the shock
saturations for the upward and downward moving shocks, respectively. The flux
function for theM = 10 case, that is when the plume is less viscous than the brine,
shows the shock speeds are highest comparad te 1 andM = 1/10 cases.

We use the physical capillary dispersion in the problem to obtain high accuracy
numerical solutions that converge to the correct entropy solution in the limit of
vanishing dispersion. High accuracy numerical solutions are obtained witff'the
order accurate in time Runge-Kutta scheme and @ftrder spatial accuracy through
WENO discretization[10]. The capillary dispersion term is solved Witorder
central, compact finite-difference scheme[11].

The solution of Eq. 31 is plotted in Fig. 3(a) for various valuedhfThe initial
condition is a layer of CQof unit length positioned at = 0 with S,,; = 0.8 and
Sy = 0, as shown with circular symbols in Fig. 3(a). In thé= 1 case, the shock
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Figure 4: Saturation profiles at the final timé€’¢ = 400) when the maximum
saturation has decreased to the threshold saturatier).2. The front end, for

M = 1, has moved the farthest while it is at about the same positioffer 10 and
M = 1/10 cases. The corresponding times are 12.5(M = 10),

t = 31.5(M = 1)andt = 45.6(M = 1/10).

speeds are equal, the upward and downward moving shocks at the top boundary of the
layer bifurcate symmetrically about the stationary saturation point. The saturation
profile for the stablél/ = 1/10 case is relatively less developed due to small shock
speeds, as indicated in Fig. 2. Theé= 10 case has the highest shock speeds. When
the downward moving rear-shock encounters the bottom end of thdagér, it is
reflected upwards. As a result, the maximum saturation at the bottom of the layer
decreases below the saturation associated wfith @iS,, = 0, allowing the back end

to also move in the upward direction accordingftg. The upward moving back-end
now encounters progressively smaller saturations, which leads to a continuous
decrease in the maximum saturation of the,@&yer. This behavior is shown in Fig.
3(b) for all M cases.

The simulation is stopped when the maximum saturation reaches a threshold value
of s, = 0.2. Saturation profiles at the final timg,, when the maximum saturation is at
the threshold value,, are shown in Fig. 4 for various values &f. The values of;
corresponding td/ = 1, 1/10 and10, respectively, ar81.5, 46.5 and12.5.

Figure 5 shows the decrease of the maximum saturation with time for various
values ofM. For theM = 10 case, the decrease is rapid apgy reaches; in a short
time. During its decrease, the maximum saturation goes though two periods of rapid
decay, in between intervals of relatively mild decrease. This pattern is also observed
for other values of\/, but at delayed times. The first period of rapid decreasg,gf
occurs when the downward moving rear-shock reaches the bottom end of the CO
layer, which is a stationary shock. The resulting upward reflection of the back end
through the expansion wave that was following the downward moving shock, results in
a relatively slow decrease 6f.«. The upward moving shock wave from the back end
is generally faster than the upward moving shock at the front end. Hence, another
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Figure 5: The decay of maximum saturatios,ax in time for different values of\/
andCla. For the viscously unstable cas€ = 10, the maximum saturation reduces to
the threshold saturation in a very short time, while= 1 and M = 1/10 cases
require longer times. Decay 6f,ax 0ccurs through long periods of relatively mild

decrease in between short intervals of rapid decrease.
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Figure 6: Speed at which the front end of the 1D plume moves upward, plotted for
different values of the mobility ratio and the capillary number. Simulation is stopped
when the maximum saturation is 0.2. The plume moves fastégt-at10 and slowest
at M = 1/10. The time to reach the threshold saturation is also longer in the latter
case. Capillary number has a small influence on the front position.



shock interaction occurs leading to a rapid decreasgdn Small capillary numbers
mask periods of sharp decay and give rise to an almost uniformly decreasing trend at
all times, as shown in Fig. 5.

The maximum position that the upward moving front reaches at the final time,
determines how large a storage site needs to be for a given amountofF@0re 6
shows the position of the front,, defined as the location of the saturation
S = 0.1 smax- Note that even though the front velocity is larger in the casi/of 10,
the front does not travel as far as in the= 1 case. The slope of; for both A/ =1
andM = 1/10 cases is constant, while that fbf = 10 case shows a slight decrease
at late times.

Two-dimensional dynamics

We now present numerical simulations of the 2-D plume. Unlike the 1-D case
presented in the previous section, the entire plume will have a positive upward velocity
due to the buoyancy force. Capillary and permeability drag forces act in the opposite
direction and the rise velocity of the plume will be set by the balance of these forces.
We solve Egs. 18 and 19 with boundary conditions Eg. 20. The total velocity equation
is expressed in terms of the vorticity variable to avoid having to deal with pressure, and
to be able to employ periodic boundary conditions with spectral schemes. By taking
the curl of Eq. 10 we obtain, for the vorticity = V x ur

w:ld_)\VSnXHT—A d <k;\w

38 i ) VS, X . (32)

The velocity field is then obtained from the streamfunctionwhich is related to
vorticity through

Vi =—w. (33)

Streamwise and spanwise components of velocitgndu, respectively, are obtained
by

O

- w
u = 5 (35)

The relevant boundary conditions forandv arew = 1) = 0 atx = +o0. To solve for
the streamfunction, a global Galerkin spectral method is employed with Fourier basis
functions. We express the discrete expansion ahdy as
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whereA, = H/D andA, = L/D are the normalized dimensions of the computational
domain in the: andz-directions, respectivelyV, M are the number of grid points and
J, K are the number of Fourier modes. Equation 33 can now be formulated in the
spectral space. Sinceandy are real valued, only real parts of the eigenfunctions
andq are calculated,

Wik

(17 /A)? + (Tk/AL)? (38)

¢j,kz =

After 1 is obtained from Eq. 38, it is transformed back into physical space to obtain
andu velocity components from Eqgs. 34 and 35. The gradients in toed

z-directions are evaluated througfi order compact finite difference discretization
with symmetric boundary conditions. The domain extefits= 10 and A, = 5 were
found to provide a good approximation to an infinite space.

The transport Eg. 18 is solved witl' order Runga-Kutta method. The spatial
derivatives are evaluated wii' order accurate compact finite difference
discretization. The simulation is started with a circular plume of unit diameter centered
at(z = 0,z = 0). The initial plume is slightly diffused to avoid discontinuities in
saturation values. Initial velocities are prescribedwas= 0, u = 0) att = 0. We use
~ 10* grid points to accurately resolve the steep gradients at the fronts.

Figure 7(left) shows the contour plots of saturation at an early tinte-ot for
M = 1andCa = 200. The plume has progressed slightly from its initial position
leaving behind a wake of small saturation values. The location of the higher saturation
values, indicated by regions with red color, has shifted towards the back end, similar to
the 1-D case discussed in the previous section. Due to the generation of spanwise
velocity in the 2-D case, the plume profile appears to bulge slightly in the
x-coordinate. Figure 7(right) shows the plume profile at a later time. The plume
has traveled upwards abauhondimensional units at this time. The shape of the
plume has deviated significantly from the circular initial profile to attain a pointed tip
followed by a broader tail. Velocity vectors plotted in Fig. 7 show that at early times
the magnitude of the spanwise velocity is comparable to the streamwise component,
which generates significant recirculation around the plume. At later time, Fig. 7(right)
shows that the streamwise component is dominant and the spanwise velocity is
concentrated only at the tip of the plume. Hence, the ability of the plume to induce
downward motion in brine is significantly reduced at later times. As for the 1-D case,
the simulation is stopped when the threshold saturatien 0.2 is reached.



Figure 7: Saturation contour at an early time (left), and at threshold saturation (right),
for the 2D case at/ = 1 andC'a = 250. Arrows represent the velocity field induced
around the naturally buoyant plume.
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Figure 8: Saturation contour fod = 10 (left) and M = 1/10 (right).
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Figure 9: The front positions obtained from 2-D simulations. The plume migration
distance in the 2-D case is smaller than the 1-D case. Higher values of the skgpe of
in the 2-D case indicate the contribution of buoyancy driven motion.

The saturation contours of the plumeldt= 10 and M = 1/10 are shown in Fig.
8(left) and (right), respectively, d@ta = 200, at times close to;. The plume has
traveled slightly farther for thd/ = 10 case. Thel/ = 1/10 case shows a broadening
of the rear section and a narrowing of the tip. However,the- 10 case shows that
the plume tends to retain its initial shape with a slight bulging along the spanwise
direction. The region of small saturations trails both plumes, but is more prominent for
the M = 10 case. The velocity vectors show a behavior similar to/the- 1 case.

High upward velocities are produced in regions of high saturation and the spanwise
velocities are localized around the tip of the plume. However, since the plume has
stretched out considerably less in the= 10 case, as compared to thé = 1/10

case, the induced motion of the brine is fairly uniform around the plume.

The plume motion in 2-D is affected by the buoyancy velocity generated due to the
density contrast. Hence, one would expect, compared to the 1-D case, that the plume
will tend to propagate much higher into the brine phase. The progress of the tip
positionz; is plotted in Fig. 9. The results obtained for the 1-D case are also shown.
Surprisingly, Fig. 9 shows that the plume actually rises less as compared to the 1-D
case. Although, increases much more rapidly in the 2-D case, indicating a higher
upward velocity due to buoyancy, the threshold saturation is reached at an earlier time
for all M values, compared to the 1-D case. Hence, the plume can only travel about
half as much compared to its 1-D counterpart. Two dimensional results indicate that
the slope of:; remains approximately constant throughout the simulation for the
M = 1/10 case. On the other hand, the slope begins to decrease slightly forl
and considerably more fav/ = 10 case. This indicates that the buoyancy generated
upward velocity decreases with time such that¥é6r= 10, the slope ok, tends to
drop to the 1-D level.

An important characteristic regarding the motion of the plume is the magnitude of
the upward velocity generated due to buoyancy. If this velocity is constant then the
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Figure 10: Maximum values of buoyancy induced velocity as a function of time. Solid
line shows the maximum values of the streamwiseomponent, dashed line
represents the spanwigsecomponent. Bothumax andumax Start out at larger values

and progressively decrease at later timesMoe 1 andM = 10. An approximate

slope of1 /2 is indicated by the doted line. Maximum velocities remain constant
during the initial phase fot/ = 1/10.

plume can rise indefinitely in the absence of residual trapping, as long as there is a
sufficient level of density difference between the fluids. In order to determine how
does the upward velocity evolve and how far can the buoyancy force lift the plume
during its propagation, we plot the maximum values of velocity for bothutlzed
u-components in Fig. 10. The maximum streamwise velocity has the highest
magnitude for thel/ = 10 case, followed byl\/ = 1 andM = 1/10 cases. Only in the
case ofM = 1 is this velocity related entirely to the density contrast. However, even in
this case, the non-monotonicity of the mobility) (profile[12] contributes to vorticity
generation and adds to the buoyancy driven velocity. Whe- 1/10 case has the
smallest velocity at the onset due to the favorable viscosity difference at the top of the
plume.

Discussion and conclusions

The dimensional values of the height reached by the plume and the time it takes to
reach that height can be estimated based on the physical values of the parameters given
in section 2. Table | provides this information for different values of the mobility ratio
and the capillary number for both 1-D and 2-D cases. The influence of the increase in
capillary number is an increase in the values of lgtand:} since a greater
magnitude of capillary dispersion at smaller valueg'afleads to higher rates of
reduction of the maximum saturation, and consequently, smaller valugs of
One-dimensional results are generally higher than the corresponding 2-D values. From
Table I, we observe that the former are almost twice as much as the latter. For the 2-D
case, the longest time to reach the final state is about 2000 yrs fof thel /10 case
atCa = 400, where the plume rises to a distance of 610 meters. The unfavorable
viscosity, M = 10, case shows significantly smaller values’pandz}. Our results



M | Ca| 1-D 2-D
ti(yrs) | zp(m) | t3(yrs) | z3(m)
x10% | x10% | x10% | x10?
1 50 | 1.84 | 8.78 | 0.64 | 4.20
200 240 | 9.42 | 0.80 | 5.26
400 2.12 | 9.70 | 0.92 | 6.03
1/10| 50 | 4.00 | 8.27 | 1.26 | 4.20
200| 3.87 | 811 | 1.76 | 553
400| 3.63 | 7.83 | 2.04 | 6.10
10 | 50 | 1.00 | 6.91 | 0.48 | 3.82
200| 0.66 | 7.18 | 0.61 | 4.70
400| 1.03 | 6.94 | 0.70 | 5.09
Table I: Dimensional values of the timég required to reach the maximum height
for various values of\/ andC'a. Results for both 1-D and 2-D problems are noted.

indicate that for thél/ = 10 case at'a = 400, the plume is sequestered in about 700
yrs after rising 500 m.

The initial size of the CQplume, here the diametér, determines to a large
extent, how much the plume will rise and with what velocity. In fact, the vertical
dimension of the plume is relatively more important since the longer it takes for the
wave interaction to occur between the forward and the rear shocks, the longer the
maximum saturation can remain at the initial level, resulting in higher upward
velocities. Although, the spanwise wave interaction also becomes important, as we
showed for the 2-D case, its effect is secondary to that of the streamwise mechanism.
For this reason, the maximum upward velocity remains constant for the initial period
for the M = 1/10 case, while it decays at a steady ratexof /2 for M = 1 and
M = 10 cases.

Future work

We neglect capillary trapping and hysteresis in this analysis, therefore, we stop the
simulation when the maximum saturation is reduced to some small value. If one
interprets this threshold saturation as the residual, trapped saturation, then our results
can be used as a prediction of the upper bounds on the final time and the maximum
height for the case with hysteresis. The study of plume migration with hysteresis is the
next step in our analysis and is currently under investigation. Based on preliminary
analysis, the challenge is to find the right entropy solution for the waves at the front
end of the plume, which are on different relative permeability curves related to
hysteretic behavior. Another mechanism of importance that will be investigated is the
dissolution of CQ in brine, which has the effect of increasing the density of saturated
brine while keeping the volume approximately the same. The heavier saturated brine
will sink generating a stronger circulation current around the plume.
Three-dimensional effects are another potential avenue in which to extend the current
analysis. Finally, the applicability of the Darcy scale macroscopic description of the
flow during the drainage process needs to be clearly established, since the Bond



numbers and the capillary numbers for the &@questration problem are very similar
to the cases where microscopic instability is observed.
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Introduction

As long as the C®plume moves due to buoyancy, €@ trapped by capillary forces

in the wake of the plume, and it is left behind as trapped/residual saturatjon (
Residual CQis considered immobile on the reservoir timescale[13], and it is currently
assumed that the residual €@ill remain immobile over the timescale that is
necessary to dissolve it into the brine. It is therefore assumed thati@Ohas been
trapped as residual saturation cannot leak back into the atmosphere over the entire
storage period. Early numerical simulations of {orage in saline aquifers[14, 15]

did not show significant amounts of residual trapping, because the relative
permeability models did not account for hysteresis, and residual gas saturations where
commonly set te5,, = 0.05. More recently it has been demonstrated that relative
permeability hysteresis can increase the trapped/residuak@@ration taS,, ~ 0.4

in strongly water-wet reservoirs[16]. Various numerical simulations have now
demonstrated that residual trapping can immobilize significant amounts pf CO
relatively soon after the end of the injection period[16, 17, 18, 19, 20].

It has been suggested to store {large, gently dipping regional aquifers that do
not have a structural trap, because they provide very large storage volumes often near
large point sources of C21]. In such aquifers we rely entirely on other trapping
mechanisms to prevent G@eakage. Figure 11 illustrates the scenario,@njected
into the sloping aquifer several hundred kilometers from the outcrop. As the CO
plume migrates updip towards the outcrop, its volume is reduced by residual trapping
until it is exhausted and reaches is maximum migration distance[21]. The maximum
migration distance is an important length scale for the selection of the injection site.
The total migration time also puts an upper limit on the time that is available for
leakage, and is therefore an important time scale.

To focus the attention on the interaction of gravity driven flow with residual
saturation in a sloping aquifer, we choose a simple model. We assume a sharp
interface, a constant residual saturation, and a semi-infinite domain. These
assumptions simplify the governing equations significantly, and allow some analysis.
We believe that the main features of our simple model will also apply to more complex



100 to 400 km

injection well surface outcrop/leak
seal 1'2""'_ saline aquifer ——— ___

J_\__‘—E CO,-plume

time

—— —

——
X residual CO,

Figure 11: Migration of CG, in a gently dipping regional aquifer.

real flows.
Derivation of the governing equation

We consider a finite volume of GOnigrating along the top of a very deep porous
layer saturated with water. We assume that the height of the interface between the
fluids is small compared to the thickness of the porous layer, so that the porous layer
can be considered semi-infinite in the vertical direction. We assume that the two fluids
are immiscible, separated by a sharp interface, and that the saturations are constant
within each fluid. During imbibition when CQs replaced by brine, a constant
trapped/residual gas saturatify). is left behind. During drainage, a constant
irreducible/connate water saturation is left behifyd. The change of the volume of
CO,, AV, is given by

AV, = AzAh¢S, = AzAhd(1 — Sye), (39)

whereh(z, t) is the height of the interface separating the fluids, measured down from
the top of the reservoiiS, is the saturation of COin the plume which is given by the
connate saturation of briné{ = 1 — S,,,), and¢ is the porosity of the medium, which
is assumed to be constant.

We assume the gravity current has a large aspect ratio so that the pressure is
hydrostatic and flow is predominantly in the along slope direction. The pressure at the
top of the porous mediunx (= 0) is

plr,z=0,t) = po—glp+ Ap)[zsinbd — h(zx,t)cosb)]
gph(z,t)cosb,

wherep is the density of the gas, the density of the surrounding watemg\ p, and
po IS the pressure at the coordinate origin. The hydrostatic pressure at any point in the
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Figure 12: The self-similar current shapes for several values of the residual saturation,
and the eigenvalug that determines the scaling relations (46), have been determined
solving the non-linear eigenvalue problem numerically.

gas plume is given by
p(z,z < h(z,t),t) = po—g(p+ Ap)rsinb
+ gcosO(Aph(z,t) + pz)
The movement of the gas is assumed to be described by Darcy’s law given by

d, = —X(Vp(z,2,t) — Vpg)

—sin 6
- —)\9<Vp—pg( cos ))

wherepy is the hydrostatic gradient in a single phase fluid, given by

pr(z,z,t) = po — pgzsin O + pgz cos §. The mobility of the gas is defined as

Ay = kk},/ 11y, Wherek is the permeability of the medium, assumed to be constant, the
endpoint relative permeability of the g&g, is defined byk;’, = k(1 — S.,), and,

is the viscosity of the gas. The along-slope component of the flux is given by

g = —XApg (— sin 6 + cos 9%) )

i

The flux difference across the control volume per unit time is given by

le - Q|z+Ax = hq|w,t - hq|x+Am,t :

Finally we need to consider the G@hat is left behind in the areas where the height of
the thickness of the current is decreasing. The volume of residual gas left behind per
unit time is given by

R(x,t) = 3

0, for 5; >0,

{ AzAhgS,,, for 2 <0,

whereS,, is the immobile trapped/residual gas saturation left behind as gas is
displaced by water. The conservation of gas volume in the control volumand
over timeAt can therefore be written as

AV = (Q(z,t) — Q(z + Az, 1)) At + R.



In the limit Az — 0 andAt — 0 we obtain the following non-linear advection
diffusion equation

oh 0 ) oh
e K(g;,t)% (h (— sin 0 + cos 9%>) ) (40)

with the discontinuous coefficient

_ kXgApg Oh <
Kat) = { T g A= (@1)

The residual saturatiorfs,. and.S,, are between 0 and 1, so that, + S, < 1, hence
k1 > Ko. The nature of equation 40 becomes clearer if we expand the right hand side
to separate the advective and diffusive terms

% —l—v[:z;,t,@]% = D[x,t,@]% (h%) : (42)
The advective velocity is given by = «[z, t] sin 6, and the diffusion coefficient is

given by D = x|z, t] cos . Note a diffusion coefficient has dimensions/gf’ 1,

where(2 is the dimension of the dependent variable, in this case the dependent variable
is h(x, t) which has dimensiot, therefore the diffusion coefficient has dimensions of
velocity [D] = [v] = [k] = LT

For a horizontal surfacé (= 0), the equation becomes parabolic and is the one
dimensional equivalent of the equation derived by Kocleihal[22] for the radial
case. In the limit of no residual trapping,{ = 0) the equation reduces to the form
investigated by Huppert and Woods[23]. For the numerical solution of Equation (42)
we choose the following dimensionless variables

n=h/Hy, x=x/Ly, 0=~k/Ki, T=1Jt",

with the time scaleé* = L2(x, H, cos)~!, so that we obtain the equation

on 0 on

_ — _ Pe _!

oy U(X,T)ax (77 ( + ax)) :
where Pe= Lyv/(HyD) = Lo/ H, tan 6 is a Peclet number. All numerical simulations
reported here had a rectangle function initial condition

h(x,7=0) =u(x +1/2) —u(x — 1/2), (43)

whereu(y) is the unit step function. The initial volume of the plume is unity, the
initial volume of mobile CQ within the plume isiy = S, =1 — S,.. The
discontinuous coefficient is now given by:

[ o=1, on/or < 0;
U[X7T] - { oy = 1_fw Sgr’ 877/87' > O (44)

c—
_SHIC

All numerical simulations used a grid spacing®f = 0.02, and the simulation was
terminated when the volume of mobile €M the plume had decreased to a value of
V, =107V,
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Figure 13: The numerical solution to equation 45 with a unit square initial condition is
shown for a horizontal (a) and a sloping aquifer (b).
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Figure 14: a) Evolution of plume volume with time at consta), = Sy, = 0.2 for
various slope angles. The transition timdrom power law to super-exponential
behavior is marked by circles. b) The area of the aquifer saturated with
trapped/residual CQOs shown for slope anglegsof 2°, 4°, and 6.

Horizontal aquifers

The evolution of a CQplume in a horizontal aquifer is shown in figureal3n a
horizontal aquifer{ = 0) the governing equation reduces to

% = k(x, t)% (h%) . (45)
Kochinaet al[22] have shown that the radial equivalent to this problem has a
self-similar solution of the second kind, and the same is true in this case. In these
problems the exponents of the self-similar variables are not generally ratios of integers
and cannot be determined from dimensional analysis. Instead these exponents have to
be found from a non-linear eigenvalue problem[24]. Another characteristic of these
problems is that a constant multiplier appears in the self-similar variables that cannot
be determined in the general case[24]. An analysis similar to that of Koeh&lg22]

gives the following scaling laws for the front positian, the current thickness,, .

and the volume of mobile CQn the plumeV,

Ty X 8 ,
hmaw X t25717
V, o 7L

The dependence of the eigenvaltien S.,, andsS,, has been determined numerically
and is shown in Figure 12. Fof, — 0 the eigenvalug¢g — 1/3, and the scaling
relation obtained from a scaling analysis is recovered. The volume of the current is
only conserved in this case, and for 1/3 the exponent o¥, is negative, so that the
volume of the plume decreases as a power law in time. This suggests that residual
trapping reduces the volume of the current quickly in the beginning, but the rate of
residual trapping at late time is very low. As the residual saturation increases,
decreases, and the front of the Cglume slows down. The height at the center of the
plume decreases as a power law as well, and the plume slumps rapidly initially and
more slowly later on. The height at the center decreases fastgf asincreased.
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Figure 15: The top row shows the interface of the €Qlume at two subsequent
times. The corresponding derivative that determines the value of the coeftident
shown in the second row. The bottom row shows the coefficient and indicates the
region where CQis trapped as residual saturation.

Sloping aquifers

For sloping aquifersi(+# 0), the solution is no longer self-similar, and no analytic
results exist. Therefore we present numerical solutions to Equation (42), and typical
results are shown in Figure 3The CQ plume migrates updip leaving a large trail of
residual saturation in its wake. Figuredldompares the evolution of the plume
volume for various dip angles. For the horizontal case we observe that the volume
decays as a power law as predicted. In a sloping aquifer the evolution of the volume
can be divided into two periods. An initial period of power law decay, similar to the
horizontal case, is followed by a rapid super-exponential decrease of the plume
volume. As the slope increases the time of the transitidrom the power law to the
super-exponential behavior occurs earlier (Figure 14). Residual trapping is therefore
much more effective in sloping aquifers than in horizontal aquifers. The rate of
residual trapping continuously decreases in horizontal aquifers. In sloping aquifers on
the other hand the rate of residual trapping only decreases initially and then starts to
increase dramatically.

Figure 15 explains the change from the power law to the super-exponential decay.
In a horizontal aquifer (Figure B, the CQ plume slumps symmetrically under
gravity, the height of the current decreases in its centiefdt < 0), and residual
trapping is restricted to the central part of the plume. In a sloping aquifer, the CO
plume is both slumping, due to the across- slope component of gravity, and sliding
sideways due to the along-slope component of gravity. Initially the slumping
dominates over the sliding (Figureld5and similar to the horizontal case residual
trapping is restricted to the center of the plume. The scaling for the height (46) shows
that the slumping slows with time and at some point the sliding dominates over the
slumping (Figure 18). In this case, the height of the current is decreasing over the
whole back half of the plume, and the area where residual trapping occurs is
increasing. The transition between the two regimes occurs when the second maximum
in the derivativelh /dt disappears. The circles in Figure 14 show this transition time
7, and we see that it pinpoints the change from power law to super-exponential
behavior. We see that the transition time decreases with increasing slope. Finally we
discuss the interesting question of the effect that slope has on the maximum migration
distancer,,., of the injected C@. While one might expect the G®lume to migrate
farther with increasing aquifer dip, our numerical results show that the maximum



migration distance decreases with increasing slope. This surprising result becomes
clear when we consider the following geometric argument (Figubg. Tthe CQ

plume must be exhausted once the volume of trapped/residual saturation in the area
swept by the plume equals the initial volume of C@he total area of the aquifet;

that needs to be swept by the €lume isA; = (1 — S,.)/Sg-Ao. As the slope
increases, the C(plume migrates sideways (slides) faster and slumps more slowly,
and it therefore has a greater vertical sweep. Sias constant, increased vertical
sweep leads to a shorter migration distance.

Implications for CO , storage in saline aquifers.

The results presented above suggest that residual trapping will be very effective in
sloping aquifers, even if the dip is very small. We will explore the length and time
scales with an example calculation, using the same physical properties used above. We
assume a slope éf= 4°, a connate brine saturatiafy,. = 0.1, a trapped/residual CO
saturation ofS,, = 0.2, an initial plume width at the end of injection &f, ~ 1000m,
and a plume height afl, ~ 100m. In this case Pe- 0.699 ando = 0.778. Numerical
solution of Equation (43) gives the following maximum migration distance:

Ymaz ~ 50. The dimensional maximum migration distance in this case is

Tmaz = Xmaz * Lo = D0 Km updip of the injection site. This example suggests that
residual trapping can contain the injected O4@thin reasonable distance of the
injection well. Therefore storage in gently sloping aquifers without a structural trap
may be possible if the injection site is selected to be far enough from the expected
leakage location.

Further work on sloping aquifers.

The results presented above on the interaction of aquifer slope and residual
trapping are preliminary, and we intend to expand them to cover the whole parameter
space in P@, Lo/ Ho) ando[S,,, S..|. Preliminary results suggest that simple scaling
laws for the dependence of 7,,.., andy,... on Pe andr exist. And we will present a
full discussion in our next report. An extension of this analysis to the radial case would
allow more realistic estimates of the maximum migration distance, and would provide
a simple tool for the screening of potential storage sites.

Conclusions

Semi-analytic results for a plume spreading in a horizontal aquifer, show that the
volume of the mobile C@plume decays as a power law. Therefore, the efficiency of
residual trapping in horizontal aquifers decreases with time. In sloping aquifers, an
initial power law decay is followed by super-exponential decrease of the mobije CO
volume. This result suggests that residual trapping will be an effective way to reduce
the volume of mobile C®in sloping aquifers. The increased vertical sweep in sloping
aquifers also leads to a decrease in the maximum migration distance with increasing
slope. Due to this enhanced residual trapping, sloping aquifers appear to be reasonable
targets for CQ storage. Aquifers without a structural trap may be considered as
potential storage sites, if the injection site is sufficiently far away from the potential
leakage locations.
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Introduction

The success of the Adaptive Implicit Method (AIM) in reservoir simulation is
mostly due to its increased efficiency compared to the traditional IMPES or FIM
formulations (see [25], [26], [27], [28], [29] and [30]). The reduction of the
computational cost comes from the mixed implicit-explicit treatment of the individual
grid block variables. However the standard AIM discretization of the mass
conservation equations is only first-order accurate in space and time. We are
developing high-order AIM approximations, for both space and time, in order to
enhance the solution fidelity and improve the overall computational efficiency.

In the first section we present a numerical analysis of standard AIM. The first part
of this analysis focuses on the consistency and convergence properties in the presence
of implicit-explicit boundaries. Then we study some important monotonicity
properties in the one-dimensional case. In the second section, we propose an AIM
formulation based on highly accurate MOL schemes. Fully high-order AIM schemes
are derived and then tested in 1D and 2D. Finally, we present an artificial viscosity
method to improve the monotonicity restriction in the implicit regions.

Numerical analysis of the standard AIM
Local inconsistency and convergence study

Consider one-dimensional flow of two immiscible phases in a porous medium.
Under certain assumptions, this problem is described by the Buckley-Leverett equation

Os N 0f(s)

ot ox

=0, (46)

where it is assumed for simplicity thgt(s) > 0. The initial and boundary conditions
are given by

S(Ia O) = Swe S(Oyt) = Swi (47)



wheres,,. is the connate water saturation and the inlet saturation. In the following,
we consider a uniform grid of size, with a unique implicit-explicit boundary
between blocksi(— 1) and ¢) (see figure 16). Here information propagates from left
to right so this configuration corresponds to anl boundary.

IMPLICIT H EXPLICIT

i-2 : i-1 : i : i+l
Figure 16: Schematic of an implicit-explicit (I-E) boundary

For this configuration, the standard AIM discretization reads:

S;L+1 _ 8? 1 1 n+1 . .

0 = F g P = fsh] <, (48)
S}H-l o S;L 1 " it ] )

0 = Tt o ) = S5D) . d=1, (49)
S;H—l o S? 1 " n . .

0 = L 6 = S6G)] > (50)

Using Taylor series expansions we can show that the truncation error in the first
explicit block (j = i) is given by

B = _2—; [F(3)] + O(Az) + O(AL) + O(AL/Ax) . (51)

The above equation indicates that the standard AIM scheme is inconsistent at the
transition from an implicit to an explicit region. Similarly, it is inconsistent at the
transition from an explicit to an implicit region. But by construction the standard AIM
scheme is stable, so we do not expect the discretization errors at the various I-E
boundaries to be amplified with time. Nevertheless, convergence is not guaranteed a
priori because the Lax equivalence theorem does not apply. Hence we need an error
analysis to understand how these discretization errors propagate and to deduce the
convergence properties.

A linear error analysis shows that in the case of a fixed I-E boundary, the erronafter
time steps is given by

N
N =3 "MNHESH (52)

k=1

HereM is the standard AIM operator corresponding to the meshzAize- L/m and
the time step sizé\t = T;/N, while S®) is a first-order source term due to the



inconsistency at the I-E boundary. The matrix vector products in (52) can be computed
exactly, and we can prove that in the sense of the infinite norm, we obtain

im 05<N> =0. (53)
X£<A:

This statement means that in this particular case the standard AIM scheme is
convergent, even though it is inconsistent at the I-E boundary. In fact, the convergence
properties rely on the dissipative nature of the discretization. In practice, each I-E
boundary may create a “kink” in the solution profile. Those kinks are of order one, so
they are comparable to the numerical dispersion. But as we will see in the following
subsections, in general the standard AIM still verifies strong monotonicity properties

Linear positivity and the maximum principle

In the linear case, the numerical approximatiorat is given by

st = Ms™ | (54)

whereM is the standard AIM operator. It is easy to show that this operator satisfies
M > 0 (component-wise inequalities), which means that it is monotone. In particular,
if s > 0, we have

s = Ms™ > 0. (55)

The above statement shows the linear positivity of the standard AIM scheme. In fact
the monotonicity ofM implies that this scheme satisfies the maximum principle,
which is an even stronger monotonicity property. Indeesf < C\e

(component-wise inequality with = (1, ..., 1)7) for some arbitrary constant;, then

s = Ms™ < 0;Me = Cje. (56)

Similarly if s > Cye, we obtains"*) > C,e. Therefore, the standard AIM
approximation satisfies the maximum principle. However there is no guarantee that the
standard AIM scheme is oscillation-free. In fact, a scheme may satisfy the maximum
principle and still produce localized overshoots or undershoots. Hence we propose to
analyze the total variation diminishing (TVD) property of the standard AIM scheme.

TVD property in the linear case

In the linear homogeneous case, for ar boundary (see figure 16), we have



L+ N[ = st ] = Alsit = sih] + s —si], i=1,....p, (57)

syt — syt = (1 - A)[M spl + Alsp ™ = syl + Asp ™ = 7] (58)
[tz — syl = (1= Nz = spa] + Alspay sZ]—A[sZ“—sZL (59)
(77— i) = (L= N)[s? = s+ Al = sio), i=p+3,...,m, (60)

where) = ﬁ_i < 1. By manipulating these equations, we can show that

m

D lsitt - ”“\<Z|s — sl (61)

i=1

which means that the scheme is TVD, il&/(s"™!) < TV (s") (see [31]). The same
result is obtained in the case of ar-Eboundary.

Figure 17 shows numerical results for the linear advection problem when the initial
condition is a jump discontinuity. The standard AIM solution (AIM-STD-UW1) can
be compared with the exact solution computed by the Method of Characteristics
(MOC), and with the Forward Euler solution (FE-UW1). In the left plot, there is only
one —E boundary moving at a unit speed, thus following the jump discontinuity. As
expected from the above results, the numerical solution remains monotonic. In the
right plot, every other block is implicit, i.e. there is an I-E boundary at each cell
interface. Even in this situation, the TVD property is preserved.
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Figure 17: Linear homogeneous case with a jump discontinuity

TVD property in the quasi-linear case

Here we consider the more general case wifasea nonlinear function of, but
for simplicity we assume thagt’ > 0. As required, every explicit block satisfies the
classical CFL condition:



LAt
max | f(s)] 1 <1 (62)

n n
s€[s_,,s!

First we can show that the standard AIM discretization is always TVD across-dn E
boundary. The proof relies on the fact that the numerical speed of propagation in the
explicit region is greater than the physical speed, as implied by (62). Therefore the
mass accumulation over one time step in the first implicit block is limited by the
positive or negative mass difference with the upstream block.

In the case of anhE boundary, the standard AIM is generally not TVD. However we
can show that the TVD property is maintained under the following restriction in the
last implicit block:

A
max | f'(s)| A—; <1 (63)

sE[s;,sZ+1]

This additional condition comes from the fact that the incoming flux for the first
explicit block is calculated implicitly. But it cannot be verified a priori since the value
of sp** is unknown.

Figure 18 shows a simulation of the Buckley-Leverett problem where (63) is not
satisfied, resulting in oscillatory behavior. The red curves in the right plot correspond
to the numerical solution at different time steps. Oscillations appear near the leading
edge, due to the transition from an implicit region to an explicit region. These
oscillations are damped by the numerical diffusion but new overshoots appear at each
time step. Therefore the oscillations move with the saturation front while remaining
bounded. Recalling that the standard AIM discretization is locally conservative, we
can simply interpret this phenomenon in terms of mass conservation. Indeed the mass
flowing through the E boundary at the leading edge is entirely accumulated in the
first explicit block because the outgoing flux from this block is almost zero. Hence for
a large enough time step, there can be a significant overshoot in this block.

In practice, the oscillatory behavior can be avoided by using the maximum speed
everywhere, i.exax 1 | f/(s)|, to determine which blocks should be explicit. But
this approach does not take full advantage of AIM because many blocks are solved
implicitly, although they could be treated explicitly. Another option is to enforce the
maximum saturation change below a fixed threshold, but this limits the time step size.
The best option is to evaluate the local gradients everywhere in order to avoid the
presence of an I-E boundary in a steep region.
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Figure 18: Quasi-linear homogeneous case with discontinuity

In the heterogeneous case, the classical CFL condition becomes

At
max '(s <1, 64
SE[S;LPS?]U( )] oAT S (64)

whereg; is the porosity in thé-th block. The TVD property across an-E boundary
is now guaranteed under the restriction:

P2 <1, (65)

max <
sE[sg,s$+1] ¢p+1 Ax

wherep + 1 is the index of the first explicit block. In presence of heterogeneities,

oscillations are more likely to occur because the number of I-E boundaries generally

increases, and the saturation can change more rapidly in a block with low porosity.

Figure 19 shows the simulation of a Buckley-Leverett problem for a heterogeneous
case using the standard AIM scheme. Here the porosity values were randomly sampled
from a lognormal distribution (see left plot), and the reference solution was calculated

on a fine grid. In this case, we observe a large overshoot at the leading edge.
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Construction of high-order AIM
Requirements and methodology

Our objective is to construct a class of adaptive implicit methods that satisfies the
following requirements:

- High-order accuracy both in time and space.
- Unconditional stability in the implicit regions.

- Local mass conservation.

In the above list, there is no requirement regarding the monotonicity properties of the
method, but this point will be discussed further in this section.

To construct a high-order AIM discretization, we use the highly accurate numerical
schemes formulated in the Method of Lines (MOL) framework (see [32] and [33]).
The choice of the MOL approach is justified by many practical reasons (e.g.,
multi-dimensional extensions, treatment of diffusive and reactive terms), and the
necessity to have a locally conservative scheme. High-order MOL schemes are derived
by combining a high-resolution spatial discretization with a highly accurate time
integration method. As an initial step, a prototype program was written to test various
combinations of space-time discretization schemes. Classical time integration methods
are listed below:

- Central and Trapezoidal rules with a Runge Kutta scheme (CRK2 and TRK2).
- Second-order Implicit Runge-Kutta scheme (IRK2).

- Third-order Diagonally Implicit Runge-Kutta scheme (DIRKS).



The common flux discretization strategies (see [34], [35], [36], [37], [38]) include:

- Second-order flux limiting scheme (FL2),
- Second-order central scheme (CS2),

- High-order ENO and WENO schemes (e.g. WENO2).

In a high-order AIM formulation, implicit and explicit time integration methods must

be combined consistently. Otherwise, the inconsistencies at the various I/E boundaries
would lead to first-order errors. Thus, we propose using a high-order implicit method
as the framework for both implicit and explicit regions. The idea is to use a predicted
value at the explicit nodes, whenever an implicit value is normally required.

AIM with high-order spatial accuracy

Given a high-order numerical fluk;, 1, we define the following AIM scheme:

R - G
i+5 1=

F-n*l —F (Sn*), SM* — S; if (Z) |mp||C|t ( )
2 si*  otherwise.

This scheme can be seen as an extension of the standard AIM because the time
integration methods in the explicit and implicit regions correspond to Forward and
Backward Euler. Alternatively, we propose the following AIM scheme:

n+l _ .n __ At | pn+l _ pntl
Si =95 T Az [FH% Ty

2 . . . . .
Fil=Faa(Emt), &t = it if (i) implicit (67)
ity T st otherwise.

)

Heres; is an explicit predictor of?! that is at least first-order accurate, e.g.

A
s;‘:s?——t(F.” —F" ). (68)

Az *3 =3

The scheme (67) can be seen as an adaptive implicit version of the Backward Euler
method in the sense that the fluxes are always evaluated at the new time level.

Figure 20 shows numerical solutions of a 1D Buckley-Leverett problem calculated
with the AIM-STD-FL2 and AIM-BE-FL2 schemes, which correspond respectively to
(66) and (67), wheré'_ 1 is given by the second-order accurate flux limiting scheme.
Both methods give slightly more accurate results than the standard AIM scheme,
AIM-STD-UWL1. The gain in resolution is quite small because the time integration



remains first-order accurate. On the other hand, these methods are still unconditionally
TVD in the implicit regions. As opposed to the AIM-STD-FL2 scheme, the

AIM-BE-FL2 scheme is consistent at the I-E boundaries, and therefore the solution
profile (in red) has no “kink”. This is a clear advantage of AIM-BE over AIM-STD;
however, the CFL criterion in the explicit region is more restrictive.
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Figure 20: Simulation with AIM-STD-FL2 and AIM-BE-FL2 schemes

Fully high-order AIM

In order to meet all the requirements listed in 2.1, we need to apply a high-order
time integration. To illustrate the construction of fully high-order AIM, we introduce
below an AIM scheme based on the trapezoidal rule (AIM-TRK2):

2Ax L it3 i—3 ng S (69)
Ferl —F (én—&-l) §n+1 — o if (Z) ImpIICIt
i+3 +3 T si  otherwise.

By construction, the time integration in the implicit regions corresponds to the implicit
trapezoidal rule. Moreover, if we use the predictor (68), the time integration in the
explicit regions corresponds to the explicit trapezoidal rule. Finally, we can show from
Taylor series expansions that this scheme is first-order accurate (i.e. consistent) at the
I-E boundaries. In general this order reduction occurs only locally, so the scheme (69)
is globally second-order accurate.

Similarly, we can derive an AIM scheme based on the midpoint rule (AIM-CRK2):



At A N
sttt =gp — [F ey +11/2}
AI Z+§ T2 1 . . .. (70)
P (arii), @ L(st 4 sPth) i (4) implicit
ity i » 7 T s(st+s;)  otherwise.

Applying the predictor (68), we can see that the time integration method in the explicit
regions corresponds to the explicit midpoint rule. As a result, this scheme is also
globally second-order accurate.

The same approach can be used to derive higher order AIM schemes. Below we
give the general formulation of a third-order AIM scheme based on the DIRK3 method
with v = 1/2 + v/3/6 (AIM-DIRK3):

Gl g _ At (F(l) _ FZ,<_1)1> _ At (F@l _ F,‘2)1>
2

: U 28z \Titg its i—3

s — st — 7% (ﬁ’(l) - F(l)1> (71)

1
i+ =5

2 _ n At ( (1) At 7(2) (2)
s =t - (-ma (R - BY) - o4k (FD, - B2

[
~

where

(1) g/ ..
-y =1 _ J s;  if(7) implicit 72
&) {si’(l) otherwise, (72)

and a similar definition holds foF”, . Here we need to apply a third-order numerical
2

flux, such as ENO3. In this case, the explicit predictsrd), s*(2) should correspond
to the times® = " + yAt andt® = " + (1 — 7)At.

The high-order AIM schemes presented above require the following three-step
approach:

1) Apply a predictor step in the explicit blocks,
2) Assemble and solve the system for the implicit blocks,

3) Update the solution in the explicit blocks.

In terms of computational cost, steps 1 and 3 are cheap, whereas step 2 is generally
expensive because it requires solving a system of nonlinear equations. For this purpose
we can apply the Newton-Raphson method. Note that there are mainly two factors that
explain the additional computational cost of high-order AIM compared to standard
AIM. First, the high-order time integration method may require solving several



systems of nonlinear equations in a given time step (e.g. in DIRKS3), or solving a larger
system if the sub-steps of the time integration are coupled (e.g. in IRK2). Secondly,

for each Newton step, the Jacobian has a larger band width than in the first-order case.
Indeed, high-order spatial discretizations lead to larger numerical stencils, especially
for multi-dimensional problems.

Numerical tests in 1D and 2D

1D Buckley-Leverett problenrigure 21 shows two numerical solutions computed

with the second-order accurate AIM-CRK2-WENO2 scheme. The left plot
corresponds to CFk: 2, while the right plot was obtained for CEk 2. In the first

case, the numerical solution is very accurate even near the leading edge, and there is
no kink at the I-E boundaries. However, for CEL2 we observe localized overshoots
just ahead of the saturation front. This result is expected, since the implicit trapezoidal
rule is known to become oscillatory above this time step threshold.

—oc e
—— AIM-CRK2-WENO2 —— AIM-CRK2-WENO2

Figure 21: AIM-TRK2-WENOZ2 solutions for CFE1.5 (left), 2.5 (right)

2D miscible flow in a quarter-five spdtigure 22 shows a reference solution computed
on a50 x 50 grid using the forward Euler scheme. The left contour plot represents the
pressure solution and the right contour plot the concentration profile calculated at

Ty = 2x10° s. For this simulation, the injection rateg$ = 10~* m?/s, the length of

the square ig. = 100 m, the reservoir depth = 1 m, the viscosity: = 1 cp, the

porosity¢ = 0.3, and the permeability tensor is diagonal with= £, = 100 md. The

final time corresponds to 2/3 pore volumes injected.
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Figure 22: Reference solution of the miscible flow problem in a five-spot pattern

Figure 23 below shows the same simulation @% & 25 grid, using the second-order
accurate AIM-TRK2-WENO2 scheme. The left plot represents the distribution of the
implicit blocks (in black) once the maximum time step is reached, which corresponds
here to a maximum CFL number around 3. The choice of the explicit blocks was based
on the local CFL criterion:

Uiply Vel
At < 73
(G ) a7 79
where~ is a threshold value less than 1. Meanwhile, the right plot shows the contour
lines of the concentration profile computed at the final time. Although the theoretical
positivity limit is exceeded, there are no visible overshoots or undershoots.

Our AIM-TRK2 method is more efficient than the implicit trapezoidal rule because the
number of unknowns is considerably reduced, while the time step restriction for
positivity is the same and the second-order accuracy is maintained. It can also be
slightly more efficient than the explicit trapezoidal rule, especially if the number of
implicit blocks is low. Then there is only a small additional cost for solving implicitly
the near-wellbore regions, and the maximum time step size can be at least doubled
while maintaining second-order accuracy. To increase the efficiency compared to
second-order explicit methods, we need a weaker positivity restriction in the implicit



regions. This can be achieved with other implicit methods such as IRK2 or DIRKS, or
as shown later, by applying artificial viscosity.

Figure 23: Miscible flow solution using the AIM-TRK2-WENO2 scheme

2D Buckley-Leverett problem with gravitiiere we consider a 2D immiscible,
incompressible flow in a homogeneous porous medium, with gravity effects along the
vertical y-axis. Capillary effects are neglected and it is assumed that a constant and
uniform velocity field is imposed along the directi6r= 7 /4. The initial saturation is

a circular plume (i.es = 1 inside a circles = 0 outside). The flux functiong andg
correspond to the fractional flow curves in thandy directions. These curves are
given in the left plot of figure 24. The gravity effect in thalirection translates into a
local minimum on they function curve. In the right plot, we present a reference
solution that was computed explicitly orv& x 70 grid, with a gravity number and a
mobility ratio given byG = 5 andM = 1. In they-direction we used the second-order
WENO2 scheme with local flux splitting in order to account for varying local flow
directions.
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Figure 24: Fractional flow curves (left) and reference solution (right)

Figure 25 below shows simulation results obtained with the AIM-TRK2-WENO2
scheme. The parameters are identical to those of the reference solution, except for the
grid size which is only35 x 35. In addition, the maximum time step size was chosen

to be four times larger than in the explicit case. Since the grid size was divided by two
in both directions, it means that the maximum CFL number is twice as large. The left
plot represents the distribution of implicit blocks (in black) during the last time step. In
the right plot, we show the contour lines of the saturation profile at the final time. It
compares fairly well with the reference solution. Like in the miscible problem, the
AIM-TRK2 scheme is quite efficient for this 2D problem because the number of
implicit blocks remains small.
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Figure 25: Immiscible flow solution using the AIM-TRK2-WENO2 scheme

High-order AIM with artificial viscosity

The artificial viscosity method is a general approach that helps prevent the creation
of spurious oscillations. It was first introduced by Richtmeyer and Von Neumann and
it is still widely used today in the CFD community (see [39]). The idea is to introduce
a viscous term in specific regions, e.g., near a shock wave or near a steep gradient,
where the oscillatory behavior is likely to occur. Meanwhile, the propagation speed
must be conserved and the spatial extension of the discontinuity is required to remain
on the order of a few grid blocks at all times. Applied to (46) this approach leads to

0 0 0 0
A CCE (74)

where(Q)(s) is a viscous coefficient which is nonzero only in non-smooth regions. On
the discrete level we modify the numerical flux wherever it applies, as follows:

(75)

Hereg, 1 is an artificial diffusive flux that depends on the functi@fs). From (75)



all the artificial diffusive terms cancel out, hence the scheme remains conservative.
Different diffusive terms can be applied, for instance:

- Q(s) =1, Yyl = vo(Sit1 — 8i),
- Q(S) = f’(s), 9+l = VO(fi-i—l - fi),
- Q@) = [ @iy = w7, 1) (5601 = 50)-

The second choice should be applied only’it> 0. Then we can easily check that it
has the desired diffusive effect. In particular the diffusivity increases in the high speed
regions where oscillations are likely to occur.

In figure 26, we show simulation results for the CRK2-WENO2 scheme applied
with a CFL number close to 3. In the case without artificial diffusion, we observe a
non-monotonic behavior near the leading edge due to the violation of the monotonicity
restriction given by CFL< 2. By adding the right amount of artificial viscosity (here
vy = 0.4), we overcome this nonphysical behavior and we obtain a very satisfactory
resolution near the shock.
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Figure 26: Simulation result using the artificial viscosity method



Remarks and Future Plans

Analysis of the standard AIM formulation revealed a local inconsistency at the I-E
boundaries. But the discretization errors are only of the order of the numerical
dispersion. So in general we only observe small “kinks” in the solution profile.
Moreover, we showed that the monotonicity properties of the solution are preserved,
except in specific situations that can be avoided in practice.

Our construction of high-order AIM schemes relies on highly accurate MOL
schemes. By using explicit predictors, the time integration in the explicit regions can
be based on the same time levels as in the implicit regions. Hence the consistency at
the I-E boundaries and the locally conservative form are maintained. Numerical
experiments comparing standard AIM with high-order AIM indicate a substantial
reduction of the numerical dispersion. However, the high-order implicit time
integration leads to a severe positivity restriction on the time step size. In fact,
unconditionally positive methods can only be first-order accurate (see [40], [41]).
Therefore, we propose to apply artificial viscosity in the implicit regions in order to
remove the spurious oscillations at large CFL numbers. We also need to investigate
further what optimal time integration method (with respect to positivity) should be
employed. Finally, the most robust approach for a wide range of practical applications
consists of applying the Backward-Euler method in the implicit regions and a
high-order time integration method in the explicit regions. This will be validated using
examples of practical interest.
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Introduction

The accuracy of simulating flow and transport in natural formations depends on the
guality and resolution of the reservoir description model. Formation properties, such
as porosity and permeability, typically vary over many scales. As a result, it is not
unusual for a detailed geologic description to hé\&0”) — O(10%) gridblocks.

However, this level of resolution is far beyond the computational capability of existing
numerical simulators. Thus, it is necessary to have an efficient and accurate
computational method to study these highly detailed models.

The multiscale finite-volume approach is very promising due to its ability to
resolve fine-scale information accurately without direct solution of the global
fine-scale equations. In order to describe flow and transport efi€@eologic
formations, we need to be able to model compressible multiphase flow in large-scale
heterogeneous porous media. Existing multiscale methods ([42, 43, 44, 45, 46]),
however, deal with the incompressible (elliptic) flow problem only. Here, we extend
the multiscale finite-volume method to compressible multiphase flow. The accuracy of
Operator Based Multiscale Method is demonstrated using several challenging cases,
including highly compressible multiphase flow in a strongly heterogeneous
permeability field (SPE 10).

Background

Flow and transport in natural porous formations can be quite complex, and often
reflect the intrinsic multiscale character of the geologic formation. This makes the
problem of modeling nonlinear flows in heterogeneous porous media a natural target
for multiscale mathematical formulations and solution methods. For example, Hou and
Wu [43] proposed a multiscale finite-element method (MsFEM) that captures the
fine-scale information by constructing special local basis functions. The method
proved to be quite accurate except that the reconstructed fine-scale velocity field was
not locally conservative. Later, Chen and Hou proposed a locally conservative mixed
finite-element multiscale method. Another multiscale mixed finite-element method has
been presented by Arbogast[45] and Arbogast and Bryant [46], where numerical
Green functions are used to resolve the fine-scale information. The Green functions



are then coupled with coarse-scale operators to obtain the global solution. These
methods considered incompressible flow in heterogeneous porous media, where the
flow equation is elliptic. A multiscale finite-volume method (MsFVM) was proposed
by Jenny, Lee and Tchelepi [42] for heterogeneous elliptic problems. They employed
two sets of basis functions — dual and primal. The dual basis functions are identical to
those of Hou and Wu[43], while the primal basis functions are obtained by solving
local elliptic equations with Neumann boundary conditions calculated from the dual
basis functions.

Existing multiscale methods ([42, 43, 44, 45, 46]) deal with the incompressible
flow problem only. However, compressibility will be significant if a gas phase is
present. Gas has a large compressibility, which is usually a strong function of pressure.
Therefore, there can be significant spatial compressibility variations in the formation,
and this is a challenge for multiscale modeling. Very recently, Lunati and Jenny
considered compressible multiphase flow[47] in the framework of MSFVM. They
proposed three different approaches based on the relative importance of
compressibility. In their framework, they retained the elliptic construction of the basis
functions in order to minimize the need for frequent updating of the basis, and they
represented the compressibility effects on the coarse-scale.

Motivated to construct a multiscale finite-volume framework that can deal with
compressible multiphase flow in highly detailed heterogeneous formations, we
developed an Operator Based Multiscale Method (OBMM), that is adaptive and
extensible. The OBMM algorithm is composed of four steps: (1) constructing the
prolongation and restriction operators, (2) assembling and solving the coarse-scale
pressure equations, (3) reconstructing the fine-scale pressure and velocity fields, and
(4) solving the fine-scale transport equations. OBMM is a general algebraic multiscale
framework for compressible multiphase flow in heterogeneous reservoirs. This
algebraic framework can also be extended naturally from structured to unstructured
grids. Moreover, the OBMM approach may be used to employ multiscale solution
strategies in existing simulators with a relatively small investment.

Results

A general algebraic multiscale framework for compressible multiphase flow in
heterogeneous formation was developed. To deal efficiently and accurately with the
nonlinear coupling of flow and transport, we designed a multiscale algorithm that
ensures consistency and local conservation of the computations on the fine scale. We
also report on the initial results of a multiscale formulation for the nonlinear transport
problem (i.e., solving the saturation equations). Adaptive computations are employed
to maximize the efficacy of the overall multiscale algorithm.

Operator Based Multiscale Method (OBMM)

First, we describe the operator based multiscale method (OBMM) for the
two-phase flow problem. We show that for incompressible flow, OBMM is identical to
the original MsFVM[42] with specific forms of the prolongation and restrictions
operators. Compressibility effects are reflected in the coarse-scale operators.



Moreover, the basis functions and the reconstructed fine-scale fluxes also contain
compressibility effects.

Governing EquationsWe consider immiscible two-phase flow in porous media.
Gravity and capillarity are neglected here. The governing equations are the mass
conservation equations of the two phases,
(gtm + V- (bw) = q,

= —A/Vp, (76)

Kk, by
P

wherel = 1,2 denotes the two phaség;is the inverse of the phase formation volume
factor, which is defined as the ratio of density at reservoir conditions to density at
standard conditionsy; is the phase volumetric flux at reservoir conditignis the

source termj, is the phase mobility,, is the phase relative permeabilityandk are
the porosity and absolute permeability of porous medium.

A\ =

Because multiscale methods are usually applied only to the flow problem (pressure
eqguation), the flow and transport problems are treated differently. Thus, the flow and
transport equations are solved sequentially using either an IMPES (IMplicit Pressure
Explicit Saturation)[48], or a sequential implicit (SI) [49] method. Here we adopt the
sequential implicit approach. The linearized discrete pressure equation can be obtained
from Eq.76 through simple algebraic manipulation. The semi-discrete equation for
iterationr + 1 at time stepr + 1 is

O — V- NV ) —af V- (VP ) =@, (77)
where,
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Given a flne-scale problem, EqQ.77 can be written in matrix form as
(Ty — Cy)py =1y, (79)

whereT; is the fine-scale transmissibility matrix associated with the fl@wjs the
fine-scale compressibility matrix associated with accumulagigrdenotes the
fine-scale pressure vector, angdis the fine-scale right-hand-side vector.

The linearized discrete form of the transport equation for phase 1 is

GGl _ gmpngn , ofil”, ., | 4y
1 lAt 2Ly ) (g 8511 (Sytt — S| ustt b — gy,
(80)

wheref; is the fractional flow of phase 1, ang- is the total velocity.



Figure 27: Two-dimensional multiscale grid with a typical dual control-volume. The
enlarged dual control-volume shows the underlying fine grid.

Prolongation Operator.The multiscale prolongation operat@?, is defined as the
mapping from coarse-scale pressure to fine-scale pressure, i.e.,

p; = Pp., (81)

wherep, denotes the cell-center coarse-scale pressure. Hou and Wu [43] used a set of
specially constructed basis functions to relate the fine and coarse pressures. Although
their study was for the incompressible flow (elliptic) problem, we have found that

these basis functions also work for parabolic problems (e.g., compressible flow). The
construction of the basis functions for Eq.76 is discussed below.

Consider a two dimensional multiscale grid as shown in Fig.27. The physical
domain is partitioned into disjoint coarse blocks (primal coarse blocks), and each
coarse block is further partitioned into fine cells. A set of dual coarse blocks is defined
by connecting the cell centers of the coarse blocks. The use of a dual-coarse grid is an
efficient and flexible tool for constructing accurate and conservative fluxes on the
primal coarse grid[42].

A basis function associated with coarse node= 1, ..., 4) in dual block( 4 is
obtained by solving the elliptic part of Eq.76, namely,

ofV - (BIATVL) + a5V - (05A5V6,) =0 in Qa,
9 O¢y 0 2 -
T— [ DN =—= s— [ DENS—= ) = Q 82
alaxt(l lﬁxj)t+a23$t(2 28% t 0 onofy, (82)
¢4(x;) = 0y,
where subscript denotes the component tangential to the boundary; ateshotes any
coarse node ik, (j = 1,...,4). Let K be the global index of a coarse nodg,4 be
the local index of nodés in dual blockS24, andDy the set of dual blocks intersected
by nodeK. For Cartesian grid, the number of element®ig is 2¢, whered is the
number of dimensions. From a global point of view, a basis function can be written as

b= Y ot (83)
QAEDK

The multiscale prolongation operat@®, is ann x N matrix, wheren is the number of
global fine cells andV is the number of global coarse cells. lietlenote a fine cell
andK a coarse cell. Then one has

Prx = ¢x(xy). (84)



Restriction OperatorSubstitution of Eq.81 into EQ.79 leads to
(Ty — Cy)Ppc =1y (85)

The significance of EQ.85 is that its unknowns are coarse-scale pressures. We need to
apply a restriction operatgRR, that provides a mapping from fine to coarse space. So
we write

R(Tf — Cf)’PpC = RI‘f, (86)
or,
(Tc - Cc)pc =T, (87)
whereT,, C,, r. are the coarse-scale counterpart®of C;, r;, and are defined as
T, = RT/P
C. = RC,P (88)
r. = TRry.

Eq.87 is the coarse-scale equation we need to solve.

The restriction operatofR , maps the fine-scale discretization equations into the
coarse scale. The specific choice Rrdepends on the discretization scheme (e.g.,
finite-element or finite-volume). We denote a fine-scale conservative equatibn Ay
finite-volume formulation starts with

/ EdV =0 (VfinecellQg, k=1,...,n). (89)
Qp
A coarse-scale finite volume formulation requires
/ EdV =0 (VcoarseblocK)y, K =1,...,N). (90)
Qi

Comparing Eq.89 and Eq.90, it is clear that Eq.90 can be obtained by summing Eq.89
for all the fine cells inside a coarse blogk i.e.,

/QKEdV: > /QkEdV. (91)

QLeQx

The summation in Eq.91 can be represented as a restriction op&Ratas, follows

RKJg—{ 0 otherwise (K—l,...,N,k;—l,...,n). (92)

It is important to note that the restriction operator does not depend on the detailed
discretization scheme (i.e., backward difference or central difference, etc.) and thus is
general for a given formulation. For a Galerkin-type finite element method, the
coarse-scale equation may be written as

oy EdV =0 (K,M=1,...,N), (93)
Qg
and one can show th@® takes the following form
R =P (94)

Zhou[50] provides a detailed treatment for finite-element based multiscale
formulations.



Coarse-Scale Operator§iven the prolongation and restriction operators defined
above, the coarse-scale system, Eq.87, can be constructed. We try to shed some light
on the physical meaning of the coarse-scale operator. The focus is on OBMM using
the finite-volume formulation (i.eR given by Eq.92).

To make the analysis easier, consider a one-dimensional problem. Fig.28 shows a
grid with coarse blockg — 1, K, K + 1, and fine cellsc — 4, ..., k + 4. We first look

K-1 K K+1
T T T T T T

| |
k-4 | k-3 | k-2 | k1| k | k+#l| k+2 | k+3 | k+4
| | | | | |

Figure 28: One-dimensional multiscale grid

at the incompressible case. Here, Eq.76 becomes
V- (MVp) =, (95)

where,\ = \; + ), is the total mobility, and; is the total source term. Using a central
difference scheme for the discretization of the fine-scale problem, the OBMM
algorithm results in three non-zero elements for A& row of the coarse-scale
transmissibility matrix, i.e.,

Y

T = ——x = (Ox-1(@n-1) = dx-1(r-2))
Tacx =~ (b (rin) — oxla)

22 (6 (12) — b)) (96)
Tacin =~ (G (rira) = Srcea(onsn).

These coarse-scale equations are exactly the same as the effective coarse-grid
transmissibility equations constructed by Jenny et al.[42]. For example, from Eq.96,
T.x k-1 1s the flux across the interface between coarse blécks1 and K due to a
unit-pressure at nodg” — 1.

Compressibility is taken into account in the basis functions, Eq.82, and in the
coarse-scale transmissibility and compressibility matrices, Eq.88. The fine-scale fluxes
represented b{f' ; contain compressibility effects, and OBMM gives the coarse-scale
fluxes by summing up the fine-scale fluxes in a coarse block. The coarse-scale
compressibility matrix in Eq.88 is obtained by redistributing accumulation terms in the
coarse grid according to the underlying fine-scale accumulation terms. By
construction, the scheme is conservative on both the fine and coarse scales. The
coarse-scale pressuge,, is obtained from Eq.87 and then, the so-called dual
fine-scale pressurey, is reconstructed by

Pad = ,PPO (97)



Coupling Flow and Transport

For multiphase problems, the flow (pressure and total velocity) and transport
(saturation) equations are solved in a sequential manner. After reconstruction of the
fine-scale pressure field, we can then proceed to solve for saturation equations on the
fine scale. Note that special care should be taken to ensure the conservation and
consistency of the coupled system.

Fine-scale VelocityThe fine-scale velocityar, calculated using, may be
discontinuous at the interfaces of the dual coarse blocks, since the basis functions
ensure flux continuity only in the interior of each dual block. To obtain a conservative
fine-scale velocity, we solve the fine-scale Eq.77 locally for each primal coarse block
with flux boundary conditions, which are obtained frpm The fine-scale pressure
computed in this manner, which we denotepasis the primal fine-scale pressure.
Then, the fine-scale velocity in the interior regions of primal coarse blocks is
calculated fromp,,, while the velocity on the boundary of the primal coarse block is
calculated fromp,. The total velocity field obtained this way is locally conservative on
the fine and coarse scales.

Multiscale Algorithm for Compressible Multiphase FlowNotice that EQ.77 is

nonlinear, and thus we have to solve it iteratively. However, solving the pressure
system is usually more expensive than solving the saturation equations. Thus, we have
an outer loop, where we solve for the fine-scale pressure only once using OBMM and
then calculate the fine-scale primal pressure and total velocity. On the other hand, the
saturation equations are solved iteratively in an inner loop until convergence. The
pseudo code for one time step is listed in Fig.29, whedenotes a time step and

denotes an iteration step. Note that for the finite-volume OBMM, the restriction
operator is constructed once as shown by Eq.92. Also note that when solving the
saturation equations in the inner loops, the total veloajtys fixed.

Careful updating of the pressure dependent properties is an important part of the
overall scheme. We have two fine-scale pressure fields: dual and primal. Since the
primal pressure yields a conservative fine-scale velocity field, we calculate the
pressure dependent properties based on the primal pressure. Also, to ensure
consistency and conservation, the properties in the pressure equation are completely
consistent with those in the saturation equation.

Adaptive Multiscale Computation

The computational efficiency of multiscale methods mainly lies in that a large-scale
problem is decomposed into small local problems. Thus, a lot of time is saved in the
linear solver step. Moreover, multiscale algorithms are well suited for parallel
computation, since the local problems can be solved independently. Most importantly,
multiscale methods are designed to be adaptive, and this is discussed below.

As described in the previous sections, basis functions are constructed by solving a
series of local problems in every dual coarse block. Actually, it is not necessary to
update the basis functions in every block and for every iteration. It is obvious that if



vp = lv, = 1;p" =p"; S = S
[* outer loop */
while ( system not converged)
construct fine-scale operatofBy, Cy, ry;
update basis functiongiy, A=1,..., N;
assemble prolongation operat@?;
calculate coarse-scale operatdFs; C,, r.;
solve for coarse-scale pressupe;
reconstruct dual fine-scale pressupg;
reconstruct primal fine-scale pressupe;
Vp =Vp + prp = Dus
update pressure dependent properties basetron
calculate fine-scale total velocity,
[* inner loop */
while (saturation equation not converged)
solve linearized transport equation fis1;
Ve = Vs + 1,
update saturation dependent properties: \(S5"*);
end
end
n=n-+1

Figure 29: The multiscale algorithm for compressible multiphase flow

the property change in a block is small, the pressure changes should also be small. By
examining the equations for the basis functions (Eq.82), it appears reasonable to
update the basis functions according to the change in the total mobility. Namely, if the
condition
1 A/
<

14 €y )\2’_1
is not satisfied for all fine cells inside a dual coarse block, then the basis functions
associated with that dual block should be recomputed. The paramesex user
defined adaptivity threshold. Note that the total mobility contains contributions due to
compressibility. A similar criterion was used for incompressible problems by Jenny et
al.[48, 49]. In numerical experiments, takiag< 0.2 yields results very close to those
without adaptivity, and the fraction of basis function that must be recomputed is
usually less than 5%.

<14 ey (98)

The saturation equations are also solved on the fine-scale. Consequently, the
fine-scale primal pressure field is needed. Therefore, if we are able to calculate the
transport equation in an adaptive manner, a great deal of efficiency can be gained. We
are developing a multiscale method with adaptive transport computation. This is
ongoing work and preliminary results are very promising.

Numerical Results

The Operator Based Multiscale Method (OBMM) for compressible flow is
demonstrated using two-dimensional problems. The permeability field is the top layer



of the SPE 10 model[51]. We modified the original permeability field slightly. The
extreme low and high values that account for less than 2.5% are clipped. The variance
of the logarithmic permeability of this modelds,, = 5.04 (the original variance is

5.45) as shown in Fig.30. It is still a highly heterogeneous model. The fine-scale grid
contains220 x 60 gridblocks, and the coarse-scale grid cont@ihx 12 gridblocks.

The upscaling factor is 53 x 5). The field is initially saturated with phase 2 at a
uniform pressure. We then begin to inject pure phase 1 in the upper left coarse block
and produce in the lower right coarse block. The production and injection rates are
constant in each fine cell within the primal coarse injection and production blocks.
Quadratic relative permeability curves are used. The viscosity ratio of the two phases
is1: 10. The porosity is constant at 0.3.

Figure 30: Log-permeability of the top layer of the SPE 10 model

Incompressible FlowWe first show results for incompressible flow. We take solutions
obtained using standard fine-scale computations as reference. Then, we compare the
reference results with OBMM solutions. Specifically we compare the fine-scale
pressure, saturation, and horizontal component of the total-veloaity &t2 PVI.

Figures 31 and 32 show that the pressure and velocity fields obtained using OBMM
are in close agreement with the reference results. Moreover, the fine-scale saturation
distribution obtained from OBMM is almost identical to the reference field as shown in
Fig.33. Contours of error in the fine-scale saturation are shown in Fig.34, which
indicates that the error is concentrated in a few isolated fine cells around the saturation
front.

2000 2500 3000 3500 4000 4500 5000 5500 6000 2000 2500 3000 3500 4000 4500 5000 5500 6000
(a) fine-scale method (b) OBMM

Figure 31: Fine-scale pressure at t = 0.2 PVI for the incompressible case

The recovery and the production fractional flow of phase 2 are shown in Fig.35.
The excellent agreement with the reference solution suggests that OBMM is very
accurate for the incompressible case. This is consistent with the findings reported for
the MsFVM[42].



(a) fine-scale method (b) OBMM

Figure 32: Fine-scale velocity (horizontal component) at t = 0.2 PVI for the
incompressible case
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Figure 33: Fine-scale saturation att = 0.2 PVI for the incompressible case
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Figure 34: Contours of saturation error at t = 0.2 PVI for the incompressible case
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Figure 35: Recovery and production fractional flow of phase 2 for the incompressible

case



We report the error statistics and the percentage of basis functions that are
recomputed for several time steps in Table Il. The pressure egr@nd saturation
error,e,, are defined by

_ ™ =7l
' Ip7ll2 (99)
es = [|S™ — 57z,

where superscript andms, denote, respectively, the reference and OBMM solutions.
[ denotes the percentage of recomputed basis functions. The overall quality of the

OBMM solution is quite good. The percentage of recomputed basis functions is very
small, which leads to efficient computation of highly detailed models.

Table II: Errors and percentage of the recomputed basis functions in several time steps
for the incompressible case

t (PVI) €p €s fo(%0)
0.1 | 2.07e-2| 2.21e-4| 0.082
0.2 | 2.77e-2| 2.10e-4| 0.041
0.5 | 3.05e-2| 2.03e-4| 0.033
0.7 | 3.55e-2| 1.94e-4| 0.026

Compressible FlowWe consider a highly compressible flow problem. Assume phase
1 is a gas phase satisfying the ideal gas law. Phase 2 is a compressible liquid phase.
The PVT properties are given by

r
P (100)
by =1+10""(p — po),

by =

wherep, is pressure at standard conditiond.{ psi).

The OBMM solutions are compared with reference solutioris=at.2 PVI. From
Fig.36, we can see that the pressure variations are large. Thus, we can expect that the
effects of compressibility will be very important. For this highly compressible and
strongly heterogeneous case, the fine-scale pressure obtained using OBMM is in good
agreement with the reference solution. The fine-scale velocity in OBMM is also in
excellent agreement with the reference as shown in Fig.37. The saturation solution of
OBMM is almost identical to the reference solution as shown in Fig.38. This is
confirmed by the fine-scale saturation error contours in Fig.39. The recovery and
production fractional flow curves obtained using OBMM and the reference solution
are shown in Fig.40, which shows that the results are in close agreement.

Table Il reports the pressure and saturation errors as well as the percentage of
recomputed basis functions for each time step. The quality of the saturation field using
OBMM is excellent, while the pressure solution shows larger errors compared with the
incompressible case. Recall that our basis functions are obtained by solving local
elliptic problems. In this strongly compressible case, the effects of the parabolic part
of the governing equation on the pressure distribution are significant. Thus, the basis
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(a) fine-scale method (b) OBMM

Figure 36: Fine-scale pressure att = 0.2 PVI for the compressible case

(a) fine-scale method (b) OBMM

Figure 37: Fine-scale velocity (horizontal component) att = 0.2 PVI for the
compressible case
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Figure 38: Fine-scale saturation att = 0.2 PVI for the compressible case

0094432  0.094432 0094432

N = 0.094432
0.094432 < _ a4
60 - -g
0:094432 O.OQ@SZO 094432
0.094432. 09¢

Figure 39: Contours of the saturation error att = 0.2 PVI for the compressible case
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Figure 40: Oil cut and recovery curves for the compressible case

functions are less accurate than in the incompressible case. Nevertheless, the
compressibility in this case is extreme, and the pressure error is reasonably small. As
shown in Table Ill, the percentage of recomputed basis function is higher than that in
the incompressible case, but it is still small.

t (PVI) €p €s f»(%)
0.1 | 6.98e-2| 2.32e-4| 0.15
0.2 | 6.88e-2| 2.43e-4| 0.82
0.5 7.60e-2| 2.29e-4| 0.42
0.7 | 8.10e-2| 2.27e-4| 0.31

Table Ill: Errors and percentage of the recomputed basis functions for several time
steps for the compressible case

Progress

An operator based multiscale method (OBMM) has been developed. OBMM
serves as a general algebraic multiscale framework. For the incompressible flow
problem, the coarse-scale operator constructed by the FVM-based OBMM is identical
to the multiscale finite-volume method. OBMM accounts for compressibility effects in
a natural way. The fine-scale operators contain the fine-scale compressibility
information, and the basis functions are calculated with compressibility effects. The
coarse-scale operators constructed by OBMM account for compressibility by summing
all the fine-scale information in a coarse block and distributing the contribution to the
coarse nodes according to the basis functions.

For coupled flow and transport problems, a conservative fine-scale velocity field is
crucial. A conservative velocity field is reconstructed by solving Neumman problems
locally on the primal coarse blocks. A sequential implicit scheme is used to solve the
coupled equations. Test cases for both incompressible and compressible multiphase
flow were presented, and the results obtained by OBMM are in very good agreement



with reference solutions. The permeability field in the test cases is highly
heterogeneous. In the compressible flow case, the compressibility is high and the
pressure variation is quite large. Such challenging features show that OBMM is a
reliable framework for solving highly compressible and strongly heterogeneous
problems.

The efficiency of OBMM relative to standard fine-scale methods lies in the fact
that we do not solve a global fine-scale system. Constructing and solving the
coarse-scale equations takes a much smaller computational effort compared with
solving the global fine-scale system. Adaptive updating of the basis functions can lead
to great efficiency gains. OBMM is readily extendible to more complicated physics.
Moreover, it does not depend on explicit description of grid geometry and can be
directly applied to unstructured models. OBMM is purely algebraic and makes full use
of the fine-scale properties and equations. Thus, OBMM can be implemented in
existing reservoir simulators relatively easily.

Future Plans

To improve the efficiency of the multiscale method, we plan to continue the
ongoing work on developing a multiscale formulation for the transport problem
(nonlinear saturation equation). The aim is to develop a fully adaptive multiscale
method for the nonlinear coupling of multiphase flow and transport in highly
heterogeneous problems.
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Introduction

Several mechanisms have been proposed by wli@hcan be trapped in the
rock-brine system, for example, hydrodynamic trapping [52], solution trapping [53],
mineral trapping [54], and capillary trapping [55, 56]. The nonlinear multiphase flow
processes involved may include nonequilibrium effects. The equilibrium condition
corresponds to the case of standard Darcy’s law, where the phase mobility is a function
of the local saturation. In a nonequilibrium flow, the mobility can be different from the
equilibrium mobility, and the difference may depend on, for example, how fast is the
flow given the local balance of forces (capillary number) and whether the interface is
uniform (viscosity ratio). In the past, several models have been proposed to treat
nonequilibrium effects. One such model was proposed by Barenblatt [57], where the
relative permeability and capillary pressure are not functions of the local satuation
but an effective saturatiom which is related t& by a linear relaxation equation

0s 1
T ;(?7 S). (101)
Herer is the relaxation time, which is zero when flow is in equilibrium. The flow
approaches the equilibrium condition with a time scale equal to this relaxation time,
which in turn may depend on the flow conditions and fluid properties. There are
several variations of Barenblatt's model. For example, the case wisea function of
saturation has been considered by [58]. Here, we propose a stochastic framework for
modeling nonequilibrium effects in multiphase flow in natural porous media. Unlike
the deterministic model, the effective saturation is assumed to be a random variable,
whose probability density function (pdf) evolves in space and time. We consider a
joint-pdf of all the individual pdfs associated with each phase, and we derive an
evolution equation for this joint-pdf in physical and (effective) saturation space. The
problem is closed using a simple linear relaxation model, in which the effective
saturation relaxes toward the actual saturation with a characteristic timerscale



Stochastic Framework for Multiphase Flow in Porous Media

Consider the flow ofV-phases in a porous media. We defifieas the probability
to find a fluid volume of the'" phase at locatiofz, t). With ¢ defined as the porosity
of the medium, the following relation holds

N-1
d S=9¢. (102)
=0

At a location(, t), a fluid volume has velocity?, and mobility,\i. Let F' be the
average mass flux of phasat (x, t), then

F' =< 4! >, xProbability of finding a fluid volume of phase (103)
or
Fl=<ui>; 5 (104)

where< . >; denotes the conditional expectation with respect to phabkus, the
average phase velocity is given by the following expression

7

Ai — T . 1
<ut>; i (105)

According to Darcy’s law, we have the following relationship between the average
mass flux of a phase and the pressure gradient

avergae phase flux average phase mobility pressure gradient (106)
or
Fi=— <\ >, Vp. (107)

From EqQ.( 105) and Eq.( 107) we propose the following rule for the phase velocity

ui=—__Vp. (108)

Note that this is only one of the possible solutions of Eq.( 105) and Eq.( 107). By
assuming incompressible flow, a poisson equation for the pressure can be derived

N-1
V.-F=V.-) F'=q (109)
=0
And it follows that
N-1 R
V. (- <N >,)Vp=gq. (110)
=0

Eq.( 108) can be recast to obtain the fractional flow formulation for the phase
velocity

~

A Y F

w=—" = (111)
ST N> S



A model for phase mobility

In the previous section, we set up a framework, in which we can deal with
phase-velocity and phase-mobility as random variables. However, in order to close the
problem, we need a model for the phase mobility. Let us associate a qﬁnm;h
each fluid volume of phasie S is a random variable defined in thee (0, 1) space
with the probability distribution functiog®. If we assume that the phase mobility is a
function of Si alone, the expectation of phase mobility can be expressed as

1
<N >i:/ Nig'dst. (112)
0

Next we discuss the physical meaningf
Effective and ensemble saturation

The saturation of a phase is defined as the ratio of volumes, namely, fluid to pore,
in a certain representative elemental volume (REV), i.e., it is an average quantity. This
is the same as the probability of finding a phase fluid volusheand we call it the
‘ensemble saturation’. In the deterministic approach of modeling multiphase flow in
porous media, the phase mobility is a function of the ‘ensemble saturation’. In the
present approach, we use another quan‘ﬁtﬁtwvhich could be thought of as some
effective saturation, to calculate the (local) phase moblllty Since the phase mobility
can be represented us@g only, we can attempt to modet. A simple model could
be that5’ relaxes tas' according to a linear relaxation equation

dsi
dt

= —%(sﬁ — S9, (113)

wherer is the relaxation time. When — 0, Si is equal toS?, and we recover the
standard deterministic Darcy flow.

Figure 41: Fine scale structures inside REV

So far we have defined all the quantities at a particular point in the porous media.
However, this point represents a volume element (REV) of some length sdale,
other words] is the smallest length scale, which is resolved in the problem. Fig. 41



shows a possible flow scenario over this length where the invading phase fingers
through the resident phase. In the deterministic approach, it is not possible to consider
the effect of such "fine” scale structures on the large-scale flow behavior. However. if
we assume that the system is ergodic over the lehgtliine scale fluid volume can be
taken as a realization in our model. For example, we can associate the random variable
Sitoa finger to determine its dynamics.

Transport Equation for Joint Probability Density Function (JPDF)

We can combine the individual pdig, of St into a single joint PDF of and A,
whereS = S? whenA = i. We get

G(5,a) ZSZ §(a (114)

and the following relation holds

/Q(§,d:z’;m)d§ = S (115)

The evolution ofG in x — § — a space, is governed by the following transport
equation

oG 0 (/dX;,. .. o |/ds, .

52+ag{<7§+*“m>g}+ag{<dﬂ&“w>g} (116)
o | /dA . .

+aa{<ﬁ|‘9’a"”>g} = 0. (117)

After substituting the conditional expectation expressions, we obtain

(99 0
(%k {(Zuk a—1 > } (118)

_% {% Z (st — 5)d(a — @')g} = 0. (119)

7

Nonequilibrium capillary pressure effects

In this section, we use the stochastic framework to model nonequilibrium capillary
pressure effects. We consider two-phase flew0, 1 with the average phase pressures
p’ =< p® >y andp! =< p! >;. The capillary pressure is a random variable defined as

pt—p = B, = P,(s%) (120)



For calculating the phase velocities, we use the average pressures

. v

w = —\ G 1=0.1 (121)
The expectation ot will be
Fi=<yi>=— < ) >, Z—f, i=0,1, (122)
and the total mass flux is
F=F'S"+ F'S' = — < )i >, Vp'— < \i >, Vp! (123)
Taking the average of Eq.( 120)
<pl > — < p? >o=p' — p¥ =< P,(s°) > (124)
Substituting forp' in Eqg.( 123)
F=—<)X>Vp'— <Xl > Vp'— <Al >, V < Py(s°) > (125)

From the above relation, we get an expressiorNof

_F— < X! P.(s0
v = <A >1V<A c(s)>0’ (126)
<A >4+ < A >

and forvyp!

_F \0 P.(s0
vyl = +<A)\ >0V<A C(s)>0‘ (127)
<AV >0+ < A >y

We can write the phase velocities in fractional flow form as follows

R 0 0 1 0
40 — _ NF _ +)\ <>\A>1V<PCA(S)>O (128)
SO(< N0 >4 + < Al >) SO< A0 >4 + < Al >q)
and
R ‘1 1 0 0
ul — AF _)\ <A >0V<PC(S)>0. (129)

SH< X0 >0+ < Al >y) SH< N0 >0 + < Al >)



Numerical Results

The joint-pdf for transport derived in the previous section is solved using a Finite
Volume Method (FVM). Here we present some one-dimensional results for the
classical Buckley-Leverett problem. We also solve the problem using the stochastic
particle method (SPM) [59] and compare the results with FVM. In FVM, we use
100 x 100 grid to discretize Eq. 118. The mass flow rdtas 1 ms—'. We assume the
following initial condition for the pdfs

g0 = 5(z) 28— 5n) ;:"”) (1= ()28 . ;CSOM)’ (130)
g = o) 5By (1 2, (131)

wheresS,,; is the initial saturation in the domain ag, is the saturation of injected
fluid atz = 0.

In order to show the effect of the relaxation parameter on the flow process, we
consider a test case in whiehincreases suddenly by a factor of 10Qcat 0.3.
Fig. 42 shows the saturation profiles at different time intervals for the case when
Sin = 0.95 andS,,; = 0.05. Fig. 43 shows the corresponding time evolution of the
pdf. In order to check the validity of the code, we also solve the problem by SPM.
Fig. 44 shows the comparison of the solutions obtained from SPM and FVM for two
different values of-. Next we varyr. Fig. 45 depicts the saturation profiles for
different values of- with S;, = 0.95 andS,,; = 0.05. Fig. 46 depicts the saturation
profiles for different values of with S;, = 0.8 andS,,,; = 0.2. For the second case,
we compare the mean and ensemble saturation in Fig. 47. It clear that for large values
of 7 the difference between the mean and ensemble saturations is significant.

Discussion and Conclusions

The main idea behind this work is to show how one can deal with the randomness
in a large scale flow quantity arising because of pore-scale fluctuations. Here we
consider the example of effective saturation (phase mobility) and derive a transport
equation for the joint-pdf of the effective saturations associated with the phases. The
transport equation can either be solved by a finite-volume method (FVM), or by
constructing an equivalent stochastic system with the same joint-pdf and then
performing monte carlo simulation using the stochastic particle method (SPM) [59]. If
the dimensionality of the problem is up to four, then FVM is expected to be less
expensive than SPM. However, for high-dimensional problems, numerical solutions
are feasible only with SPM. In our examples here, in addition to physical space of
location and time, we have only one extra dimension representing the saturation space.
As a result, the FVM method is quite efficient.

From the modeling viewpoint we showed how a simple relaxation model for
effective saturation can give rise to drastic change in the flow behavior. In this model,
we have a parametetr,which could be tuned such that the capillary pressure and



relative permeability relations as a function of saturation represent large-scale
dynamics more accurately. In this framework, the relative probabilities and capillary
pressure are no longer fixed functions of the ensemble saturations and depend upon
how far the flow is from equilibrium. Although the selectionsofor a particular flow
problem is an open question, we hope that a detailed study of pore-scale flow
dynamics, either by performing pore-network simulations, or by doing high-resolution
experiments, may provide reasonable values-fonder various conditions. The

present framework can be easily extended for the modélifig dissolution in brine

and for accounting for chemical reactions. Similar to the effective saturation we can
consider a composition vector of the species associated with the each phase

b= bor b (132)

Each species may undergo some chemical change according to the following equation

= R; (133)

~ Consider a joint-pdfF (v, ¥o..., ¥y, @) Of ¢, Ga..., dn, A in
(1 — g... — b, — a — x — t) space. Similar to Eg. 116, we can derive a transport
equation forF.
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Figure 42: Evolution of ensemble saturation in a medium whehanges from 0.001
to 0.1 atz = 0.3. S;,, = 0.95 andS,,; = 0.05.



(€) (d)

0 0.2 0.4 0.6 0.8 1
X

(e)
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Figure 44. Comparison of the finite volume method for solving pdf transport equation
with the stochastic particle method; @} 0.04 (b) 7 = 0.1 S;,, = 0.8 andS,,; = 0.2.
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Figure 45: Ensemble saturation profiles for the different values of relaxation time
(finite volume method)s;, = 0.95 andS,,; = 0.05.
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Introduction

The design and monitoring of geological carbon storage operations require many
key capabilities, including advanced techniques for computational modeling. Because
an important long-term storage mechanism is the mineralization of the injected CO
[60], it is essential that large-scale engineering models accurately represent the
chemical interactions between liquids and minerals. The goal of this work is to
develop a robust, flexible and efficient capability for such modeling and to incorporate
it into Stanford’s General Purpose Research Simulator (GPRS).

GPRS is our platform for research in the areas of general reservoir simulation and
geological storage of carbon dioxide. The simulator is object oriented, flexible and
extensible, and has many advanced features (as described below) that render it
particularly well suited for both sets of applications. As discussed in last year’'s annual
report to GCEP (and described in full detail in Fan's MS thesis [61]), we recently
incorporated several mechanisms (e.g., three-phase relative permeability hysteresis,
dispersion) that are required for accurate modeling of €€yuestration into this
simulator. With the introduction of COmineralization reactions, the simulator will be
able to model all of the key currently known mechanisms for the long-term geological
storage of carbon dioxide.

Chemical reaction modeling within the context of C€&questration has been
studied by several research groups and incorporated into a number of simulators. It is
therefore of interest to distinguish our work from these earlier efforts. CMG’s GEM
simulator is a coupled reactive-transport compositional simulator based on generalized
equations of state. Extensions were introduced to model the chemical reactions related
to asphaltene precipitation and GHG sequestration. Specifically, Ng#iah[62]
enhanced GEM to include mineral dissolution and precipitation kinetics.
TOUGHREACT [63] is a reactive-transport simulator developed by Lawrence
Berkeley National Laboratory. Interactions between gas, minerals, and liquid are
modeled. The software package NUFT [64], developed by Lawrence Livermore
National Laboratory, has similar capabilities to TOUGHREACT. UTCHEM [65] is a
simulator developed by The University of Texas at Austin which includes



reactive-transport with chemical and biological reactions.

Our intent is to develop GPRS as a generalized compositional - chemical reaction
simulator. GPRS already has many advanced features such as the ability to use
unstructured (e.g., tetrahedral or general control volume) grids and adaptive implicit
(AIM) treatments that are lacking or less well developed in the other simulators.
Figure 48 compares GPRS with the simulators discussed above in terms of features.
Note that GPRS has all of the features of the other simulators with the exception of
chemical reactions. In addition, GPRS is formulated quite generally; this will allow us
to investigate a variety of numerical treatments for modeling coupled flow and reaction
systems. Such assessments cannot be accomplished (or can be accomplished to much
less of an extent) with existing simulators. Finally, we note that GPRS is compatible
with adjoint-based computational optimization techniques, which can be used to
optimize carbon storage operations. Thus it is clearly worthwhile to implement a
chemical reaction modeling capability into GPRS.

Features GEM | TOUGH | NUFT | UTCHEM GPRS
Generalized Compositional @
Unstructured Grids @ @ @

)
@

Chemical Reactions

Adaptive Implicit @ @ @

(]

Thermal Options @
Advanced Facilities (Wells ) (') @ @ @
Optimization
(= Not Available Not Fully Flexible or Efficient Available and Flexible

Figure 48: Comparison of simulator capabilities

In the following sections of this report, we describe the proposed mathematical
formulation and strategy for incorporating chemical reactions into GPRS. In this
formulation, we reduce the number of species we are tracking and distinguish (i.e.,
introduce separate treatments for) fast and slow reactions. Finally, preliminary results
are shown for a case involving flow and equilibrium chemistry.

Chemical Reaction Modeling in GPRS

We now describe our approach for chemical reaction modeling in the context of a
general purpose compositional formulation. The basic equations and our approach for
model reduction are discussed.



Model Formulation

When chemistry is introduced into a compositional simulator, new relations are
established for each reaction. We describe the formulation using a simple combustion
process between CO and:O

2CO + O, — 2CO,. (137)

We can write an equation relating presspyéemperaturd’, and mole fractionX . of
each component
Fr(p, T, Xco, X027XCOQ) = 0 (138)

HereF; is the residual equation for reaction (137).

A new term in the mass conservation equation is required to account for the mass
change due to reactions. For a particular control volume (grid cell), the mass
conservation equation for each componeoan be expressed as

A, — (In = Out). + q. =0, (139)

whereA. is the accumulation of componenbver the time step,n andOut are the
mass flowing in and out of the control volume, ajids a source term for componemnt
due to chemical reaction. Well source terms are not included in this description for
simplicity.

For the combustion reaction (137), we can write the mass balance equations for
CO, G, and CQ as

FCO = ACO — (In — Out)co + qeo == O, (140)
F02 = A02 — (In — Out)o2 + q62 = O, (141)
F’co2 = 14(:02 — (I?’l — Out)coz + qeoz = 0. (142)

The reaction source terms are not independent, because each element (C and O) is
conserved in reaction (137). Thus the following relations hold:

qco + 4co, = 0, (143)

dco + 246, + 2qco, = 0. (144)

Equations (143) and (144) can be used to eliminate the reaction source terms in
equations (140)-(142) to obtain element balance equations for C and O:

FC = Fco + FC02 = [Aco — (In — Out)co] + [Aco2 — ([TL — Out)COQ] = 0, (145)

Fo = Fco—|— 2Fo2 + 2Fco2 = [ACO - (]n - Out)Co] +
2[Ao2 — (In — Out)oz] + 2[14(;02 — (ITZ — OUt)COQ] = 0.

Before generalizing the treatment described above, it is useful to define some
notation. Let N be the number of components, including hydrocarbons, aqueous



species, and minerals. The number of elements is denoted.byd number of
reactions is I\, consisting of N, reactions at equilibrium and,J\, nonequilibrium
reactions controlled by reaction rates. It is always the casé\that N, + N,,,.

In general, the Ncomponent mass balance equations can be transformed to N
element balance equations by linear combinations (as above) to eliminate reaction
source terms, as long as the reactions occur within the target block and within the time
step. This is often the case in subsurface reactive-transport problems and we will use
this assumption in the first phase of this work. We may eventually need to treat
situations in which reactions in a particular block depend strongly on effects in
surrounding blocks, in which case our treatment will be extended.

After the linear transformation from component balance equations to element
equations, the computational cost will be reduced significantly compared to the case
when all components are tracked. In fact, because the number of components can be
very large (due to complex reactions), it is usually not practical or desirable to solve
for all components simultaneously. The number of elements, by contrast, is usually
much smaller, particularly when we have a large number of components composed of
only a few elements. Thus, tracking Blements is generally much more efficient
computationally than tracking Ncomponents.

We can further reduce the number of governing equations and unknowns by
treating fast reactions and slow reactions separately. In general, chemical reactions can
be roughly divided into two groups: ‘sufficiently fast and reversible’ reactions, and
‘slow or irreversible’ reactions. In the first group, the time scales for the reactions are
small compared to the global time step, so these reactions can be assumed to reach
equilibrium instantaneously. For example, the hydrolysis of calcium chloride is
sufficiently fast such that the equilibrium state is reached in each block at every time
step. For this reaction we have:

CaCl, = cat + 2CI~, (146)
2

Koy = m’ (147)
AcaCh

whereq is activity of the component, which is related to mole fraction via the activity
coefficienty

a =X, (148)
Rearranging equation (147),
K.
Xogr = —a00ach (149)
ng+acr

Equation (149) indicates that the mole fraction of Caan be expressed explicitly in
terms of other variables. TherefotE¢+ can be updated locally after each time step
rather than being computed in the full set of governing equations.

We now consider the second type of reactions, so-called ‘rate-controlled’ reactions,
which are generally not in equilibrium. The reaction in (150) is such a reaction, with a
temperature-dependent rate

2C0+ 0, 2 2c0,, (150)



dX
dfo = —2k; X20Xo,. (151)
It is usually not easy to expres&o as an explicit function of other variables. In
addition, if the reaction rate is so slow that it depends on the mole fractions of
neighboring cells, equation (151) has to be discretized and solved together with the
element conservation equations. Such a treatment will, if necessary, be considered in
the future.

The equations and unknowns for a two-phase non-isothermal case are listed in the
following summary table.

Table IV: Governing equations and unknowns

Equations Unknowns
N, mass balance equations 2 pressures
N. | thermodynamic equations 2 saturations
1 saturation constraint | 2N.-N., | mole fractions
2 mole fraction constaints
1 | capillary pressure relations
Nyeq slow reaction relations
sum = N+N+Np, +4 2NN, + 4

In GPRS, the equations and variables are split into primary and a secondary parts.
The fully implicit method (FIM) solves the primary equations for each block together
(implicitly) and then updates the secondary variables locally. The basis for this method
is that the number of primary equations (and variables) is equal to the number of
degrees of freedom at equilibrium conditions, as determined by the Gibbs phase rule.
According to the Gibbs phase rule, the thermodynamic degrees of freedgyidiNa
system with N, reactions at equilibrium is

Np =N, — Neq = N¢ — (Nr - Nneq)' (152)

SinceN. = N, + N,, we have thaN, = N, + N,,.,. If the N,,., reactions occur

locally, the number of primary equations is thep I natural choice for the primary
equations thus appears to be &dlement balance equations. As we describe below,
such a representation can be readily accomplished at the matrix level within GPRS.

Proposed Strategy and Implementation Plans

The incorporation of chemistry into GPRS requires switching mass balance
equations to element balance equations and redefining the primary equations and
variables. It would be extremely difficult and time consuming to reconstruct the
current GPRS framework if the equations were re-written (and re-discretized) in terms
of element balances. Rather, we propose a strategy that aims to minimize the code
changes while maintaining code extensibility. This approach entails changing the code
mainly at the Jacobian (linear solution) level.



Using this procedure, instead of rewriting the mass conservation equations in terms
of element balances, we use the current mass balance equations to construct the
Jacobian matrix. Then, instead of forming the derivatives required for the element
balance equations directly, these derivatives are obtained by performing linear
transformations on the Jacobian matrix. In GPRS, these transformations are performed
after all of the governing equations are discretized. The Jacobian matrix for the
facilities (i.e., wells) requires similar linear transformations. The process of reducing
from the full equation set to the set of primary equations is very similar to reduction
procedures already performed in the current code.

Besides the manipulation of the Jacobian matrix, the local equilibrium calculations
also need to be modified to account for chemical reactions. The equilibrium state now
must satisfy both chemical and thermodynamic equilibrium relations. Two strategies
could be applied for this. In the first approach, the thermodynamic and chemical
equilibrium equations are calculated iteratively until the results for both converge. In
the second approach, the two sets of equilibrium equations are solved together until
convergence. The first approach is used in the initial implementation in GPRS (as
shown in the case in the next section). The second approach will be explored soon in
order to determine which treatment is superior.

The implementation plan is divided into three stages. In the first stage, a local
equilibrium module will be developed. The second stage entails transforming the
Jacobian matrix to calculate coupled reactive-transport equations. After these stages
are completed, GPRS will be able to solve chemical reaction problems in which
reactions are either at equilibrium or are rate-controlled. However, the chemical
reactions must not have significant dependency on surrounding blocks. In the third
stage, we will investigate how to incorporate reactions that are affected by surrounding
blocks.

Preliminary Results

A simple case involving C@injection into a carbonate reservoir is now presented.
In the results presented here we consider only local chemical equilibrium reactions.

Model Description

The reservoir is modeled as a one-dimensional homogeneous carbonate reservoir,
in which the reactive mineral is calcite (Cag)Qlnitially, the reservoir is saturated
with 100% water. Initial equilibrium is established between water, calcite, and
electrolytes in the water. A pure GBtream is injected at one end of the reservoir and
a producer is introduced at the other end (as shown in Figure 49). The parameters
describing the reservoir are listed in Table V.

A total of four equilibrium reactions are considered. The reactions and their
equilibrium constants are listed in Table VI. The species in these reactions are
distributed in the three phases. The gas phase containga@H,0, the solid phase
contains calcite only, and the aqueous phase containga@¥y) HO and all ions. In
the current calculation, neither ion adsorption nor ion change is included, and the ions
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Figure 49: 1-D reservoir model

Table V: Model parameters for 1-D carbonate reservoir

Parameter Values
block size 200 x 200 x 20 ft*
tops 8300 ft
porosity 0.3
temperature 104°F
grid 100x 1x 1
well location | Injector: (1,1, 1), Producer: (100, 1, 1)
permeability k 100 mD

are assumed to be in the aqueous phase only.

Table VI: Reactions in 1-D carbonate reservoir

Reaction Equilibrium Constant (l,)
CO,(ag)+ H,O = HCO; + HF 3.981x10°7
HCO; = H* +CO;~ 1.995x10™
H,O = H" + OH~ 1.000x 10
CaCQ = Ca* +CO; 4.467x10°

In this case, we solve the flow equations for £md H O first to obtain the
saturations and mole fractions. Then the chemical equilibrium module is used to
calculate the molalities of each species in the aqueous phase. The amount of
dissolution or precipitation of calcite can then be obtained.

Simulation Results

The results shown below are the equilibrium state after 2000 days of CO
injection. Figure 50 shows the saturation of the gas phase. The injecteti@Dis
approximately at the 15th block. The conditions beyond the 30th block are still
essentially at the initial state. Figure 51 shows the mole fraction o{&f) and the
pH value. We can see that the dissolved,@&€luces the pH value from approximately
9.5 to about 5.5. From the curve of the mole fraction of,Ofde observe that the
agueous phase is changed from near-zerg €fcentration to COmole fraction
around 0.03 (Figure 51).

Figure 52 shows the mole fractions of aqueous species containing carbon. This
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Figure 50: Gas saturation at 2000 days

0.05

-0.04

10.03

XCO2

-0.02

10.01

40 60 80 108
Block number

Figure 51: pH and CQ mole fraction in agueous phase at 2000 days

figure indicates that behind the gas front the dominant species arg lH@OCQ(aq),
and that the mole fraction of CO is around 5 orders of magnitude less than HGf
CO,. Figure 53 shows that the mole fraction of*Cas significantly increased by GO
injection, indicating more calcite is dissolved in the water.

Progress and Future Plans

In this report, we described our initial work on the implementation of chemical
reaction modeling into our General Purpose Research Simulator (GPRS). The
motivation and current focus of this work is to simulate chemical reactions relevant to
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Figure 53: Calcium ion mole fraction in aqueous phase at 2000 days

CO, sequestration. The initial design and implementation strategy have been
completed. The design entails element balance equations, and effectively utilizes the
current GPRS framework because many of the key changes are introduced at a low
level (i.e., the Jacobian matrix level) in the code. Preliminary results have been
obtained for a simple case that models G@ection into a carbonate reservoir with
equilibrium chemistry.

The next step is to complete the implicitly coupled reactive-transport
implementation. This work is expected to make GPRS an efficient and flexible
simulator that accounts for both equilibrium and rate-controlled reactions occurring



locally. As GPRS contains a variety of numerical options for treating flow, we plan to
explore the use of various combinations of options for modeling flow and reaction. We
expect this to provide an efficient and flexible overall capability for the modeling of
carbon dioxide injection and geologic storage.
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